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Abstract 

We present in this paper the construction of a pseudodifFerential calculus on smooth 
non-compact manifolds associated to a globally defined and coordinate independant com- 
plete symbol calculus, that generalizes the standard pseudodifferential calculus on K". We 
consider the case of manifolds M with linearization in the sense of Bokobza-Haggiag [4], 
such that the associated (abstract) exponential map provides global diffeomorphisms of M 
with R" at any point. Cartan-Hadamard manifolds are special cases of such manifolds. The 
abstract exponential map encodes a notion of infinity on the manifold that allows, modulo 
some hypothesis of S'^-bounded geometry, to define the Schwartz space of rapidly decaying 
functions, globally defined Fourier transformation and classes of symbols with uniform and 
decaying control over the x variable. Given a linearization on the manifold with some prop- 
erties of control at infinity, we construct symbol maps and A-quantization, explicit Moyal 
star-product on the cotangent bundle, and classes of pseudodifferential operators. We show 
that these classes are stable under composition, and that the A-quantization map gives an 
algebra isomorphism (which depends on the linearization) between symbols and pseudod- 
ifferential operators. We study, in our setting, L^-continuity and give some examples. We 
show in particular that the hyperbolic 2-space IH has a S'l-bounded geometry, allowing the 
construction of a global symbol calculus of pseudodifferential operators on 5(H). 
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1 Introduction 

Classically, a pseudodifferential operator on a (smooth, finite dimensional) manifold is defined 
through local charts and the notion of pseudodifferential operator on open subsets of M"' \43\ [50] . 
In this setting, the full symbol of a pseudodifferential operator is a coordinate dependent notion. 
However, the principal symbol can be globally defined as a function on the cotangent bundle. 
Naturally, the question of a full coordinate free definition of the symbol calculus of pseudod- 
ifferential operators on a manifold has been considered. One approach, based on the ideas of 
Bokobza-Haggiag , Widom [53l [5l] and Drager [13] allows such a calculus if one provides the 
manifold with a linear connection. Parallel transport along geodesies and the exponential map 
to connect any two points sufficiently close on the manifold are then used for the definitions 
and properties of local phase functions and oscillatory integrals. Safarov [39] has formulated 
a version of a full coordinate free symbol calculus and A-quantization (0 < A < 1) using in- 
variant oscillatory integral over the cotangent bundle and determined by the linear connection. 
Pflaum \34\ [35] developped a complete symbol calculus on any Riemannian manifold using nor- 
mal coordinates and microlocal lift on the test functions on manifolds with arbitrary Hermitian 
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bundles. Sharafutdinov dH [l2] constructed a similar global pseudodifferential calculus, based 
on coordinate invariant geometric symbols. Further results in the same direction, connection to 
Weyl quantization and application to physics has been considered in Fulling and Kennedy |16j . 
Fulling and Giintiirk [20\ . Connection between complete symbol calculus, deformation quan- 
tization and star-products on the cotangent bundle has also been made (see for instance Gutt 
[21j . Bordemann, Neumaier and Waldmann [S] and Voronov [51ll52j ). Getzler [TS] used a global 
pseudodifferential calculus in the context of the Atiyah-Singer index theorem on supermanifolds. 

All these pseudodifferential calculi are based on symbol (functions of {x, 9) G T*M) 
estimates over the covariable 9 while the dependence on the variable x is only controlled lo- 
cally uniformly on compact sets. This is well suited for the case of a compact manifold. For 
non-compact manifolds, we have to impose a uniform control over x in order to obtain L^{M) 
continuity of operators of order and compactness of the remainder operators if the control over 
X is decaying. In other words, any global pseudodifferential calculus adapted to non-compact 
manifolds and sensitive to non-local effects needs to encode the behaviour "at infinity" of sym- 
bols. On the Euclidean space M", several types of pseudodifferential calculi have been defined: 
standard pseudodifferential calculus with uniform control over x (see for instance Hormander 
[22j , Beals ^ , Shubin [35] ) , isotropic calculus with simultaneous decay of the x and 9 variables 
(Shubin [mill], Melrose [29]), and S'G-pseudodifferential calculus with separated decay of the x 
and 9 variables (Shubin [H], Parenti [32], Cordes [nillUj, Schrohe jlO]), which is invariant under 
a special class of diffeomorphisms and can be extended to an adapted class of manifolds, namely 
the SG-manifolds (Schrohe ^40j). This class of manifolds contains the non-compact manifolds 
"with exits" and adapted pseudodifferential calculus has been developed (see for instance Cordes 
[9], Schulze [17], Maniccia and Panarese [27]). Another approach, based on Lie structures at 
infinity, has been investigated to study the geometry of pseudodifferential operators on non- 
compact manifolds. Describing the geometry at infinity of the basis manifold by a Lie algebra 
of vector fields, an adapted pseudodifferential calculus has been constructed (see for instance 
Melrose [30], Mazzeo and Melrose j28j . Ammann, Lauter and Nistor |T|). Let us also mention the 
groupoid approach: by associating to any manifold with corners a smooth Lie groupoid and by 
building a pseudodifferential calculus on Lie groupoids, the 6-calculus of Melrose on manifolds 
with corners can be generalized (see Monthubert |31j). 

Our purpose in this paper is to construct a global pseudodifferential calculus that gen- 
eralizes the standard and SG calculi on M", on manifolds with linearization. These manifolds 
provide a natural geometric setting to deal simultaneously with the questions of a global isomor- 
phism between symbols and pseudodifferential operators, and the non-local effects associated to 
non-compact manifolds. 

The papers in organized as follows. We define in section 2 a manifold with linearization 
(or exponential manifold) as a pair (M, exp) where M is a smooth real finite-dimensional man- 
ifold and exp is an abstract exponential map, a smooth map from the tangent bundle onto M 
that satisfies, besides the usual properties of an exponential map associated to a connection V on 
TM, the property that at each point x G M, exp^. is a diffeomorphism. Any Cartan-Hadamard 
manifold with its canonical exponential map is an exponential manifold. These diffeomorphisms 
are used to define topological vector spaces of functions on the manifold (or on TM, T*M, 
M X M) that generalize, for instance, the notions of rapidly decaying function on M" or of 
tempered distribution, provided that we add a hypothesis of "OM-bounded geometry" on the 
exponential map. In section 3, we use linearizations in the spirit of Bokobza-Haggiag [4j, to de- 
fine symbol and quantization maps. This leads to topological isomorphisms between tempered 
distributional sections on T*M and M x M, if we consider polynomially controlled (at infinity) 
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linearizations (OAz-linearizations). In particular, we extend the usual (explicit) Moyal product 
(or A-product, for the A-quantization) on any exponential manifold with O^f-bounded geometry 
on which we set a OAj-linearization. We get the following A-product formula, giving a Frechet 
algebra structure to S{T*M), 

a b (x, r/) = / dfi^iOd^y) [ dfil^^yie, 6') g^^^y e^^'<^^y^^^'^'"^ a{yl^, 6) 6(^1-4, 9') 

where a,b G S{T*M) and the other notations are detailed in Proposition 13.111 

In section 4, we define the symbol and amplitudes spaces for our pseudo differential 

calculus. Symbol spaces can be defined in an intrinsic way on the exponential manifold with the 

help of "symbol- like" control (^CT-bounded geometry, see Definition l2.8p of the coordinate change 
b b' 

difFeomorphisms V'^'^' associated to the exponential map exp on M. For practical reasons the 
definition of amplitudes here is slightly different from the usual functions of the parameters x, y 
and 9. Instead, our amplitudes generalize functions of the form (x, •&) ^ a(x, x -|- ^, where 
a is a standard amplitude of the Euclidian pseudodifferential calculus. We establish continuity 
and regularity results for operators of the following form (which can be seen, for some forms of 
r, as special Fourier integral operators on M"): 

(Dpr(a),^^) := / e^^^^'^'^^Tr (a(x,C,i9)r(u)*(x,C))(iCt^^?c^x 

where F is a topological isomorphism on 5(]R^", L{Ez)) (here is a fixed fiber of the Hermitian 
bundle E — > M, so L{Ez) can be identified with A^dimE^ (C)), a is in a Oj^z space (see Definition 
I4.13P and u G S{M.'^ , Ez)- In particular, results of Proposition 14.141 and [^?T71 and Lemma 14.181 
are believed to be new. 

With the help of a hypothesis of a control of symbol type over the derivative of the 
linearization (So-linearizations), we obtain in section [33] an intrinsic definition (Theorem I4.3U|) 
of pseudodifferential operators ^^"^ on M. We see in section 14.51 a condition (Hy) on the 
linearization that entails that any pseudodifferential operator on M, when transferred in a frame 
(z, b), is a standard pseudodifferential operator on M". This condition yields a L^-continuity 
result in Proposition 14.361 The last part of section 4 is devoted to the derivation of a symbol 
product asympotic formula for the composition of two pseudodifferential operators. The main 
result is Theorem l4.47l under a special hypothesis (Co-) on the linearization (see Definition l4.37|) . 
we have the following asymptotic formula for the normal symbol (transferred in a frame {z, b)) 
of the product of two pseudodifferential operators 

where a := ao{A)z^b, b := o"o(i?)^,bi and other notations are defined in section IT6l 

Finally, we give in section [5] two possible settings (besides the usual standard calculus 
on the Euclidian M") in which the previous calculus applies. The first is based on the Euclidian 
space M", with a "deformed" (non-bilinear, non-fiat) Scr-linearization. The second example is the 
hyperbolic plane (or Poincare half-plane) M. We prove in particular that EI has a S'l-bounded 
geometry. This allows to define a global Fourier transform, Schwartz spaces 5(]HI), S{T*M), 
5(rEI), B{M) and the space of symbols Si"^{T*M). Moreover we can then define in an intrinsic 
way a global complete pseudodifferential calculus on H, and Moyal product, for any specified 
So-linearization on H. 
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2 Manifolds with linearization and basic function spaces 



2.1 Abstract exponential maps, definitions and notations 

The notion of linearization on a manifold was first introduced by Bokobza-Haggiag in [3] and 
corresponds to a smooth map v from M ^ M into TM such that vr o zy = vri, v{x, x) = for any 
X e M and [dyv)y=x = IdT^^M- In all tlie following, we shall work with "global" linearizations, 
in the following sense: 

Definition 2.1. A manifold with linearization (or exponential manifold) is a pair (M, exp) 
where M is a smooth manifold and exp a smooth map from TM into M such that: 
(i) for any x G M, exp^ : T^M — > M defined as exp2,(^) := exp(x,^), is a global diffeomorphism 
between TxM and M, 

{a) for any x G M, exp^(O) = x and (dexp2,)o = Mt^m- 

The map exp will be called the exponential map, and (x, y) i— > exp~^(y) the linearization, of the 
exponential manifold (M, exp). We shall sometimes use the shorthand e| := exp2,(^). 

Note that the term "exponential manifold" used here is not to be confused with the 
notion of "exponential statistical manifold" used in stochastic analysis. Remark that if exp G 
C°°{TM, M) satisfies (i), then defining Exp := exp o T where r(x, ^) := exp~-'^(x) + ((iexp"-'^)^;^, 
we see that (M, Exp) is an exponential manifold. 

We will say that (M, V) (resp. {M,g)) is exponential, where M is a smooth manifold 
with connection V on TM (resp. with pseudo-Riemannian metric g), if (M, exp) where exp is 
the canonical exponential map associated to V (resp. to g) is an exponential manifold, or in 
other words, if for any x G M, exp^, is a diffeomorphism from T^M onto M. Note that (M, V) 
(resp. {M,g)) is exponential if and only if 

• M is geodesically complete 

• For any x,y £ M, there exists one and only one maximal geodesic 7 such that 7(0) = x 
and 7(1) = y. 

• For any x £ M, exp^. is a local diffeomorphism. 

Remark 2.2. M" (with its standard metric of signature {p, n—p)) is an exponential manifold and 
any n-dimensional real exponential manifold is diffeomorphic to M". In particular, an exponential 
manifold cannot be compact. A Cartan-Hadamard manifold is a Riemannian, complete, simply 
connected manifold with nonpositive sectional curvature. It is a consequence of the Cartan- 
Hadamard theorem (see for instance [25^ Theorem 3.8]) that any Cartan-Hadamard manifold is 
exponential. 

Remark 2.3. The exponential structure can be transported by diffeomorphism: if (M, expj^^) 
is an exponential manifold, N a smooth manifold and (p : M ^ N \s a diffeomorphism, then 
(A^, exp^Y := if o exp^,^ o T(p~^) is an exponential manifold. 

Assumption 2.4. We suppose from now on that (M, exp) is an exponential n-dimensional real 
manifold. 

For any x,y £ M, we define 7^^ as the curve M — > M, t <—>■ exp^(t exp"-*^ y), and Jxy{t) '■= 
7yx(l — t). Note that 7x?/(0) = x and 7x?/(l) = U- If the exponential map is derived from a linear 
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connection, we have for any t G M, ^xyii) = lxy{t)- In the general case, this is only true for 
t = and t = 1. 

The abstract exponential map exp provides the manifold M with a notion of "points at 
infinity" and "straight lines" (7xj/)- It can be seen as a generalization to manifolds of the useful 
properties of M" for the study of the behaviour of functions at infinity. The abstract exponential 
map exp formalizes the fact that our straight lines never stop and connect any two different 
points. 

The diffeomorphism exp~^, for a given z G M, is not stricto sensu a chart, since it maps 
M onto T^M, which is diffeormorphic but not equal to R". In order to obtain a chart, one needs 
to choose a linear basis of T^M. If z G M and b is a basis of T^M we will call the pair (z, h) a 
(normal) frame. For any frame (z, b), wc define := Lboexp""^ with L[, the linear isomorphism 
from TzM onto M" associated to b. As a consequence, the pair (M, n^) is a chart which is a 
global diffeomorphism from M onto M". 

We note ip^'^, := o (n^,)~ the normal coordinate change diffeomorphism from 
onto and {di^2,b)i&N„ and (whith N„ := {I,-- - ,n}) the global frame vector 

fields and 1-forms associated to the chart n^. We also note ^ the diffeomorphism from T*M 

onto M?^ defined by ^(x, 9) = (n^(x), M^^{9)) where (M^^(^)j)jgfj^ are the components of 9 in 
((ix^'^''')igN„ and n^j, : (x,^) — > (n^(x), MJ'3,(^)) the diffeomorphism from TM onto M^", where 
(Mj'3.(^)j)jgM„ are the coordinates of ^ in the basis (£?i,2,t.^)igNn- We have MJ".,, = (cin^)^ and 
= *(.dnl)~^. The diffeomorphism from M x M onto M^" defined by (x, y) i-^ (n^(x), n^(y)) 
will be noted J^^2 ■ 

We note ((?i,z,b)iGN2„ the family of vector fields on T*M (resp. TM, M x M) associated 
to the chart ^ (resp. ra^^, ^T'^Af2) onto M^". We suppose in all the following that (E is an 
arbitrary normed finite dimensional complex vector space. If is a (2n)-multi-index, we define 
the following operator on C°°{T*M, €) (resp. C°°{TM, £), C°°(M x M, €)): 

2n 

■■= n 

fe=i 

If a and /? are n-multi-indices, we note (a, /?) the 2n-multi-index obtained by concatenation. If a 
is a n-multi-index, is a linear operator on C°°{M, €). We fix the shorcut (x) := (1 + ||x||^)^/^ 
for any x G W, p G N. We will use the convention x" := x"^ • • • x"'' for x G M'*' and a p-multi- 
index, with O" := 1. If / is continuous function from to a normed vector space and g is a 
continuous function from W to M, we note / = 0{g) if and only if there exist r > 0, C > 
such that for any x G MP\B{0,r), ||/(x)|| < C|(7(x)|. In the case where g is strictly positive on 
MP, this is equivalent to: there exists C > such that for any x G M*', ||/(x)|| < Cg{y:). We also 
introduce the following shorthands, for given {z, b), x,y G M, 9 G T*{M), ^ G Tx{M): 

(x,y),,b := {{nl{x),nl{y))), {x,9),,i, := ((n^(x), mJ-^J^))), (x,0.,b := ((n,^(x), M,%(0)) ■ 

If / and g are in C°(MP,M^') we note f ^ g the equivalence relation defined by: (/) = 0{{g)) 
and {g) = 0{{f)). 
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2.2 Parallel transport on an Hermitian bundle 

Let E be an hermitian vector bundle (with typical fiber E as a finite dimensional complex 
vector space) on the exponential manifold (M, exp). E admits a (non-unique) connection 
compatible with the hermitian metric 0. It is a differential operator from C°°{M, E) (the space 
of smooth sections of E' — > M) to C°°(M, T*M ® E) such that for any smooth function f on M 
and smooth i?-sections tp, , 

v^(/V') = 4f V + /v^V' , 

di^|J\i;') = (V^VIV'') + (V'lV^VO , 

where {il^\ip') is the hermitian pairing of ^p and ^p' . We will note j-i/'P := {"fpltp)- The sesquilinear 
form {■\-)x of Ex is antilinear in the second variable by convention. The operator V'^ can be 
(uniquely) extended as an operator acting on E'- valued differential forms on M. If 7 is a curve 
on M defined on an interval J and ^*E the associated pullback bundle on J, there exists a 
natural connection (the pullback of V'^) on j*E, noted V ^ compatible with V^. 

Let us fix X, y S M and 7 : J — > M a curve such that 7(0) = x and 7(1) = y. For any 
V G Ex, there exists an unique smooth section P of ^*E — > J such that /?(0) = v and V"^*^/? = 0. 
Clearly, /?(1) G Ey and we can define a linear isomorphism from Ex to Ey as r^(f) = /3(1)- 
The map is the parallel transport map associated to 7 from Ex to Ey. The compatibility of 
with the hermitian metric entails that the maps are in fact isometrics for the hermitian 
structures on Ex and Ey. 

The vector bundle L{E) — > M, defined by L{E)x ■= L{Ex) (the space of endomorphisms 
on Ex), is lifted to T*M, TM and M x M by setting the fiber at {x,e) to L{Ex) for T*M or 
TM, and the fiber at {x,y) to L(Ey,Ex) for M x M. The canonical projection from T*M or 
TM to M is noted vr. 

We note Ta;^ := r^^y. Remark that T'y = T^y^- We define Tz : x ^ Tzx and t^"^ : x ^ 
— 1 * 

If n G C°°{M,E) and z G M, we note u^(x) := {t^^ u){x) for any x G Af. If a is 
section of L{E) T*M or L{E) TM, we note := {t^^ o tt) a (r^ o tt). If a is a section 
of L{E) M X M, we note a^{x,y) := t~^{x) a{x,y)Tz{y). We also define := (x,y) 1-^ 
'rz'^{y)'^{x,y)Tz{x) G -L(-E2). Noting 7ri(x,y) := x, ■K2{x,y) := y, we get a"" = (r^^^ ovn) a (r^ o7r2) 
and = (r^-*- o 7r2) a (tz o tti). 

Parallel transport on E has the following smoothness property: 

Lemma 2.5. (i) The map r : {x,y) ^ r^jy (resp. : (a;,y) t^^J is a smooth section of the 
vector bundle L{EY M x M where the fiber at (x, y) is L{Ex,Ey) (resp. of the vector bundle 
L{E) M xM). 

(ii) Tz G C°°{M,L{Ez,E)) and t'^ G C^{M,L{E,Ez)). 
(Hi) G C°°(M X M,L(Ez)). 

Proof, (i) The map G : TM M x M defined by G{v) := (7r(u), exp(?;)) is a local diffeo- 
morphism since the Jacobian of G at vq = {xq,(,q) G TM is equal to the Jacobian of exp^^ at 
^0- Since it is also bijective (with inverse G^^{x,y) := (x, exp~-^(y))), it is a (global) diffeo- 
morphism TM — > M x M. The map b{x,y,t) := (x, t exp~^(y)) is thus a smooth map from 
M X M X R to TM, and we get a smooth parametrization by M x M of the following family 
of curves: c{x,y) ^ {pfxy '■ t ^ expb{x,y,t)). This parametrization leads (see [HI p. 17]) to 
a smooth bundle homomorphism between c*{-){0)E M x M and c*{-){l)E — > M x M, so a 
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smooth section r : {x,y) i-^ Txy of L{Ex,Ey) M x M. The case of r ^ is similar, by taking 
b-^{x,y,t) := b{x,y,l-t). 

{n,in) are straightforward consequences of (i). □ 

Corollary 2.6. If u is in the space C°°{M,E), then tt^ G C°°{M,Ez). Similarly, if a e 
C^(T*M,L{E)) (resp. C^iTM, L{E)), C°°{MxM,L{E))), thena^ G C'^{T*M,L{E^)) (resp. 
C^{TM,L{E,)), C^{M X M,L{E,))). 

Remark 2.7. The vector bundle on M is trivializable and the parallel transport provides a 
M-indexed family of trivializations, since for any z G M, the pair fz.E>-^Mx'E,(x,v)>-^ 
{x, Txziv)), Id : M I— > M, X 1-^ X, is a vector bundle isomorphism from E ^ M onto M x E — ^ M. 
Note that if exp is derived from a connection, T~y = Tyx for any x, y G M. 

2.3 Om and 5'CT-bounded geometry 

Classically, in Riemannian geometry, bounded geometry hypothesis gives boundedness on the 
covariant derivative of the Riemann curvature of the basis manifold. For the following pseu- 
dodifferential calculus, we shall need some hypothesis of that kind, formulated not with the 
curvature but with the exponential diffeomorphisms ("normal" coordinate transition maps). 
The hypothesis that we will need for pseudo differential symbol calculus is actually not simply 
the boundedness condition on the derivatives of the transition maps, which is a classical conse- 
quence of bounded geometry. For symbol calculus, we will require that the n*^-derivatives are 
not only bounded, but decrease to zero at infinity as Hxlp^^""^^ where cr is a parameter in [0, 1]. 
Or, in other words, the normal coordinate change maps behave as "symbols" or order 1. Thus, 
we introduce the following 

Definition 2.8. Let a G [0, 1]. The exponential manifold (M, exp) is said to have a S^-bounded 
geometry if for any (z, b), (z', b'), and any n-multi-index o; 7^ 0, 

{SA) a>,%^;(x)=o((x)--(H-i)), 

and a -bounded geometry if for any (z, b), {z'^h'), and any n-multi-index a, there exist 
Pa > 1 such that 

(OmI) 5>j5(x) = 0((x)^'"). 

We shall be working with OM-bounded geometry for the definition of function spaces 
and Fourier transform and with So-bounded geometry (for a a G [0, 1]) for pseudodifferential 
symbol calculus. 

Definition 2.9. The triple (M, exp, E) where (M, exp) is exponential and E is a hcrmitian 
vector bundle on M has a S'^-bounded geometry if (M, exp) has a ^o-bounded geometry and 
for any (z, b), z' ,z" , and any n-multi-index a, 

(5,2) a,",,r,-;V,.(x) = o((x);;i"i), 

and a OM-bounded geometry if (M, exp) has a OM-bounded geometry and for any (z, b), {z' , b'), 
and any n-multi-index a, there exist ^ 1 such that 

(Om2) d^,,r;,\Ax) = 0{{x)l^^). 
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Clearly, if cr < a' , since (S'o-'i) =^ (Sai), we have S'o-' -bounded =^ Scr-bounded =^ Oa/- 
bounded. Note that /So-bounded geometry on the vector bundle entails that the derivatives 
of the transport transition maps t~^Tz' (smooth from M to L{E-^i ,Ez)) are bounded (for ^q- 
bounded geometry) or decrease to zero with an order equal to the order of the derivative (for 
S'l-bounded geometry). Remark also that if £J is a trivial bundle and V'^ = d, then (5i2) is 
automatically satisfied since the maps are all equal to the constant x i— > Id^,- 

Lemma 2.10. Let a G [0, 1] and (z, b), {z', h') be given frames. 

(i) If (M, exp) has a S^-hounded geometry, there exist K,C,C' > such that for any x € M", 

xeM,eeT*{M),^eT^{M), 



and {x)z,b < K{x)z',b' , 
and {Oz,b,x < ^'(Oz'.fa'.x , 



(2.1) 
(2.2) 



and if (M, exp) has a OM-bounded geometry, there exist K, K' , K" ,C,C' > and q > 1 such 
that for any xeW,xeM,ee T*{M), ^ G T^{M), 



i^'(x)i/« < (<'5(x)) < K"(x)'? and < K{x)l,^y , 

{S)z,b,x < C{x)l,y{e)zi^i,',x and {Oz,b,x < C''(2;)^,^i,,(0;^',fa',x , 
(a) For any given n-multi-indice a, we can write 



(2.3) 
(2.4) 



fa,a' dz',\ 

0<|a'|<|a| 



where the {fa,a') are smooth real functions on M such that for each n-multi-indices a,a' , 

(a) if {M, exp) has a S^-bounded geometry, there exists Ca > such that for any x £ M, 

\fa,a'{x)\<Ca{x):f''^-\'''\\ 



(b) if (M, exp) has a OM-bounded geometry, there exist Ca > and Qq, > 1 such that for 
qa 
z,b- 



anyxeM, \fa,a'{x)\ < C„(x)'?'' 



Proof, (i) Suppose that (M, exp) has a 5(j-bounded geometry. Taylor formula implies that 



^zz'i^) 



< 



V'^ 2/(0) + Co ||x|| for any x G 



where Co := sup^gj 



(#i5)x 



As a conse- 



quence ip ' ,{x) = OdlxH) and thus, there is K" > such that (■i/' ' , (x)) < K"{x). The same 



argument for V'^''^ 



Since x 



i^z\z') 



are bounded functions, p. 2 
similar. 

{ii) We have for any / G C°°(M, g). 



b,b' 
z,z 
b'M 



^ives ■0"'"/ ^ Idign and {x)z,b < K{x)z\b' follows immediately. 



)nl(x) 



and x 



follows. The case where (M, exp) has a OAf-bounded geometry is 



dlbif) = d%f o {nlr') o n,^ = d^f o {n';,)-' o V^J'^) o n 



We now apply the multivariate Faa di Bruno formula obtained by G.M. Constantine and T.H. 
Savits in [8j, that we reformulated for convenience in Theorem 12.111 This formula entails that 
for any n-multi-index a 7^ 0, 



9-(/o(nr,)-^o^5'h 



l<|a'|<|o| 



t b'\~l\ ib',b 
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and thus 

l<|a'l<|a| l<|a'l<|o| 

where Pa,a'{g) is a hnear combination of terms of the form 11^=1 ("^'^ 5')'^^ ' where 1 < s < |a| and 
the y and V are n-multi-indices with > 0, |P| > 0, = |a'| and ^^=1 l^-'H^I = 

In the case where (M, exp) has a 5o-bounded geometry, for each s, (A;-'), (P), there is > such 
that for any x G M", 

which gives the resuh. The case where (M, exp) has a OM-bounded geometry is similar. □ 
Theorem 2.11. 18^ Let f e C°°{W,iB) and g G C°°(M",MP). Then for any n-multi-index 

\<\>\<\v\ s=lp,(i/,A) j=l 

where psiy^X) is the set of p-multi-indices and n-multi-indices P (^1 < J < such that 
^ ^ ■ ■ ■ ^ l'^ (I ^ I' being defined as "|/| < |/'| or \l\ = and I <l I'" where <l is the strict 
lexicographical order), \k^ > 0, ^j=i k^ = X and |A;-'|P = z^. 

Note that by Lemma [2.101 if (-^^exp) satisfies (3^1) (resp. (Oa/1)), then (S'o-2) (resp. 
(Oj\/2)) is equivalent to: for any z' , z" S M, there exists a frame {z, b) such that ^t^,^ Tz" (x) = 

^((^)z b'"') (^6sp. 0((2;)^°t,) fo'^ apa > 1) for any n-multi-index a. 

As the following proposition shows, or OM-bounded geometry properties can be 
transported by any difi^eomorphism. 

Proposition 2.12. If (M , exp has a (resp. Om) hounded geometry, N a smooth manifold 
and if : M ^ N is a diffeomorphism, then (A^, exp^ := ip o exp^ ° dip~^) has a (resp. Om) 
bounded geometry. 

Proof Let us note V'z'z'^at := n^^j^ o (n^' ^y)""^ where n^_^ := L(, o exp^|^ and {z,b), {z',b') 
are two frames on N. Since exp^/^^ = ip o ex.pj^,j^^-i^z') °{dv^^)z' and expj^^^ = {d(p^^)^^ o 

exp^^^_i^^^ o (p-^, we obtain V'j^z'^Ar = V'^-i(2),v,-i(^'):A^ ^^^^^^ ^-^ the basis of r<^-i(^)(M) such 
that = Lj,o {dip)^-i(^z)- The result follows. □ 

The following technical lemma will be used for Fourier transform and the definition of 
rapidly decreasing section spaces over the tangent and cotangent bundle in section 3. It will 
also give the behaviour of symbols under coordinate change. 

Lemma 2.13. Let {z,b), {z',b') be given frames. 

(i) We can express d^"^^^ as an operator on C°°{T* M, (B) (resp. C°°{TM,<B)) , where (a,/?) is 
a 2n-multi-index, with the following finite sum: 

^z,b - 2^ Ja,l3,a',l3' 0^,y 

0<|(a',/3')l<l(a,/3)l 
l/3'l>l/3| 
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where the fa,i3,a',f3' smooth functions on T*M (resp. TM ) such that 

(a) if (M, exp) has a Sa-bounded geometry for a given a £ [0,1], there exists Ca,p > 
such that for any {x,6) £ T*M (resp. TM), 

\fa,p,a',P'ix,e)\ < (2.5) 

(b) i/(M, exp) has a OM-bounded geometry, there exist Ca^p > and q^^p > 1 such that 
for any {x,9) G T*M (resp. TM), 

\fa,p,a',P'{x,e)\ < C.M^)l:i'{0)[T/^- (2.6) 

(a) We can express 0^°^^^^ as an operator on C°°{M x M, C;), with the following finite sum: 

0<|a'|<|a| 
0<|/3'|<|/3| 

where the fa,i3,a',i3' o,re smooth functions on M x M such that 

(a) if (M, exp) has a Sa-bounded geometry for a given a £ [0, 1], there exists Ca,f3 > 
such that for any (x, y) £ M x M , 

If (T„\\<r /,A'^(I/3'|-|/9|) 

(b) if (M, exp) has a OM-bounded geometry, there exist Ca,/3 > and qa,Q/3 > 1 such 
that for any (x, y) £ M x M, 

\fa,p,a',p'{x,y)\<C^,p{x)l^,{y)f^,. (2.8) 

Proof, (i) Suppose that (M, exp) has a S'o-bounded geometry. Let us note V'* := n^'' ^, ° {'>^■z^^,)~^ 

and Vt := ^z'T ° (""^t)"^- have V* = ii^^/'z ° "^i'^) where vri is the projection from 
M?"- onto the first copy of in M^" and L is the smooth map from R^" to M."' defined as 
L(x, -i?) := {dtp^,'^^)^ i'd) = ('^V'z'2')^b',b, -,(■(?)• Noting (Lj)i<j<„ the components of L, we have 

Li{x,'d) = X]i<p<n-^i,pW^P' where Li^p := idiipl'^l,)p o As a consequence, for 1 < i < n 

and a, (3, n- multi-indices such that |(q:, /3)| > 

(9("./5)V;,), = Sp^oid'^i^'z'ih ° vri , (5("'^)V*)„+. = (9("'^)L), , 

(9("-^)L),(x,^?)= ^ (5"L,,p)(x)F^,p(t?), 
i<p<n 

l<|a'|<|a| 

where Fp^p^d) is equal to -iJp if /? = 0, to 5p^r if /3 = e,., and to otherwise. We get from the proof 
of Lemma EH that (for 1 < \a'\ < \a\) Pa,a'{'^t't)^^) = 0((x)-'^(l"l-l"'l)). As a consequence, 
using dZlD, we see that 5"Li,p(x) = C'((x)-'^l"l). Thus, if > 1, ^("''^V* = and 

if/? = 0, (5(°'^)^*)i(x,i9) = 0((x)-'^(l"|-i)) and (5(°'^V*)n+i(x, ??) = 0((x)-'^l°l (i?)) , 
if|/3| = l, (a(°'^)V',)i = and (5("'^)V*)n+i(x,i9) = 0((x)-'^H). 
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Similar results hold for ipx, the only difference is that we just have to take L := {d'tp^,'^)x{^) 
instead of L. 

We have for any / G C°°{T*M, g), 

Using again the Faa di Bruno formula in Theorem 12.111 we get 

i<k'l<kl i<k'l<kl 

where Pvy{4'*) is a linear combination of terms of the form rij=i(^'^ V'*)''^ i where 1 < s < 
the and P are 2?7-- multi-indices with \k^\ > 0, [/■'I > 0, X]j=i ^■^ = i^' and X]j=i 1^"'^"' = z^- 

Let us note V =: A;-^ =: (/c-^'-"^, A;-^'^) where P'^, P'^, A;-^'-"^, /c-^'^ are n-multi-indices. 

Thus, 

n 

4 = 1 

and we get, for a given s, (P), (A:-^) such that / for all 1 < j < s, 

if = 0, (a'^v*)'' = , 

if = 1 , A;J'i = and [d^' = 0((x)-"(l''l-i)l*^-'l) . 

Since y ^ and 7^ 0> ^"''^ always satisfies |P'^| < 1. By permutation on the 

j indices, we can suppose that for 1 < j < ji — 1, we have P'"^ = 0, for ji < j < s, we have 
= 1, where 1 < ji < s + 1. Thus, 

Since, with u = {a, (3), v' = (a',/3'), 

i=i j=i i=ji i=ii 

()2.5p follows. If we set /o,o,o,o '■= 1 and /o,o,o,o := if a 7^ 0, then for any 2n-multi-index (a,/?), 

0<|(a',/3')l<l(a,/3)| 
l/3'l>l/3| 

and the estimate ()2.5p holds for any fa,f3,a',i3'- In the case of OM-bounded geometry, the proof is 
similar, and we obtain for ar^ >1, Y\j=iid^^ ip = C'((x)^'' (■i?)''^'!^!^!), which gives the result. 

(ii) Replacing V* by ip^/'l ^2 '■= ° (""zM^)"^ (0' obtain the result by similar 

arguments. □ 
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2.4 Basic function and distribution spaces 

We suppose in this section that E is an hermitian vector bundle on the exponential manifold 
(M, exp). Recall that if n G C°°(M; E) (resp. C^{M; E)) the Prechet space of smooth sections 
(resp. the LF-spacc of compactly supported smooth sections) of E ^ M, we have for any 
zeM,u' := T-^u e C°°{M, E,) (resp. C^{M, E,)). We define for any frame (z, b) on M, 

Thus, Tz^b sends sections of S ^ M to functions from to Ez and is in fact a topological 
isomorphism from C°°{M;E) (resp. C^{M;E)) onto C°°(M",S^) (resp. C^{W,Ez)). 

In the following, a density (resp. a codensity) is a smooth section of the complex line 
bundle over M defined by the disjoint union over a; G M of the complex lines formed by the 
1-twisted forms on T-^M (resp. T*{M)). Recall that a 1-twisted form on a n-dimensional vector 
space y is a function on F on A„F\{0} such that 

F{cv) = \c\F{v) for ah v G AnV\{0} and c G M*. 

For a given frame {z,b), let us note the density associated to the volume form on M: 

dx^'^ := dx^'^''' A • • • A dx"'^''' and \dz^b\ the codensity defined as \di^z,b A • • • A dn^z,b\- 

Any density (resp. codensity) is of the form c|dx^'^| (resp. c|5^^b|) where c is a smooth 
function on M, and by definition is strictly positive if c{x) > for any x G M. For a given 
strictly positive density dfi, we also note by dfi its associated (positive, Borel-Radon, a-finite) 
measure on M. This allows to define the following Banach spaces of (equivalence classes of) 
functions on M: LP(M,dii) {I < p < oo). Actually, L°°(M) := L'^(M,dn) does not depend on 
the chosen d/x, since the null sets for dfi are exactly the null sets for any other strictly positive 
density d/i' on M. 

For a given z G M, we note LP{M,Ez,dfi) {I < p < oo) and L°°{M,Ez) the Bochner 
spaces on M with values in Ez- Ez is a hermitian complex vector space, so we can identify Ez 
with its antidual E'^. There is a natural anti- isomorphism between Ei, and the dual of Ez but 
there is in general no canonical way to identify Ez with its dual with a linear isomorphism. Thus, 
we shall use antiduals rather than duals in the following. However, Ez is anti- isomorphic with 
its dual by complex conjugaison on E'z- We shall note x the image under this anti- isomorphism 
of X e Ez and Ez the dual of Ez- 

We note U'{M;E,dti) := { V' section of S M such that IV'I^ G L^(M,d/x)}/ ~a.e. 
and L~(M; E) := section of E ^ M such that IV'] G L°°{M)}/ ^a.e. where ~a.e. the stan- 
dard "almost everywhere" equivalence relation. Since the Txy maps are isometrics, for any 
z G M, the map Tz^ijj defines linear isometries: IJ'{M; E,dfi) ~ U'{M, Ez,dfi), and 

L'^{M;E) ~ L°°{M,Ez). In particular, 17 {M ; E , dn) and L°°{M-E) are Banach spaces and 
L^{M;E,dfi) aHilbert space. Moreover, we can define for any tp G L^{Ai; E, d^) and z G M the 
following Bochner integral J Tz^tp G Ez- We can canonically identify L°°{M; E) as the antidual 
of L^{M\E,dij) and L^{M-E,dfx) as its own antidual. The (strong) antiduals of C^{M;E) 
and C°°{M;E) are noted respectively V'{M;E) and £'{M;E). 

We define Ga{MP, G;) (resp. Sij{W)), where a G [0, 1], as the space of smooth functions 
g from into <B (resp. M) such that for any p-multi-index i' ^ (resp. any p-multi-index u), 
there exists > such that Wd^giv^ < C^{v)-<\''\-^^ (resp. \d''g{v)\ < ^(v)-'^!'^!) for any 
V G M^. We note OmO^-^, ^) the space of smooth C;- valued functions with polynomially bounded 
derivatives. We use the shorcuts G^{W) := G^{W,RP) and Om(^^) ■= OmO^^,^)- 

We have the following lemma which will give an equivalent formulation of or Om- 
bounded geometry. 
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Lemma 2.14. (i) Let f e G^{W,(B) (resp. S^{W)) and g e G^(M",MP) such that, if a > 0, 
there exists e > such that {g{v)) > e(v) for any v G M". Then f o g £ Ga{W^,<E) (resp. 

(a) The set (MP) of diffeomorphisms g on MP such that g and g^^ are in Gcr{MP) is a subgroup 
of DiS{MP) and contains GLp{M) as a subgroup. 

(Hi) We have Om(^^,^) o C'a/(M",MP) C ©^(M",^). In particular, the space C'Af(KP,MP) is 
a monoid under the composition of functions. The set of inversible elements of the monoid 
C>m(M^,K^), noted Oli{W,W), is a subgroup o/Diff(MP) and contains G^(MP) as a subgroup. 

(iv) (M, exp) has a (resp. OuJ-bounded geometry if and only if there exists a frame (zq, bo) 
such that for any frame {z,b), ipzo:z S G^(M") (resp. ©^^^^(M", M");. 

(v) The set, noted S^{W) (resp. 'olj{W)), of smooth functions f : W ^ R* such that f and 
1/f are in S'o-(MP) (resp. Om(^^)) is a commutative group under pointwise multiplication of 
functions. Moreover, S^{W) < S^,{M.p) < O^jiW) ifl>a>a'>0. 

(vi) If g £ G^{W) (resp. Olj{W,W)) then its Jacobian determinant J{g) is in S^{W) (resp. 
Ol,{W)). 

Proof, (i) The Faa di Bruno formula yields for any n-multi-index ^ 0, 

d''{fog)= {d'f)°9Pu,x{g) (2.9) 

l<|A|<|i/| 

where Py^\{g) is a linear combination (with coefficients independant of / and g) of functions 
of the form 11^=1 (^'^ff)*^^ where s S {I,-"" )|^|}- The y are p-multi-indices and the P are 
n-multi-indices (for 1 < i < s) such that \k^\ > 0, |P| > 0, X^j=i = X and Ylj=i {k-'lP = y. 
As a consequence, since g G Go-(M'^,MP), for each u,X with 1 < |A| < \v\ there exists Cy^\ > 
such that for any v S R", 

|P.,a(5)(v)| <a,A(v)-'^(l'^l-l"l). (2.10) 

Moreover, if / € G^(MP, (£) (resp. S^(MP)), there is > such that for any v e M", 
\\{d^f)o g{v)\\ < C;(v)-'^(l^l-i) (resp. |((9^/) o ^(v)! < C;(v)-'^l^l). The result now follows 
from ([231) and (121(1 . 

(ii) Let / and g in G^{MP). We have dig~^ = 0{1) for any i G { 1, • • • ,p}. Taylor-Lagrange 
inequality of order 1 entails that {g~^{v)) = 0{{v)) and thus there is e > such that (g(v)) > 
e(v) for any v G M". With (i), we get f o g ^ Ga{MP). The same argument shows that 
g-' o /-I G G^W). 

(Hi) Direct consequence of Theorem 12.111 

(iv) The only if part is obvious. Suppose then that for any frame {z, b), ipzo',z G G^{W^) (resp. 
0^{W,W). Let {z, b), {z', b') be two frames. We have V'^'J = ip^lzo ° So, by (ii) (resp. 
{Hi)), V^^'^' e G^{W) (resp. 0^{W,W)), which yields the result. 

(v) By Leibniz rule, the spaces Sfj{W) and O^f (M*') are R-algebras under the pointwise product 
of functions. The result follows. 

(vi) Consequence of (ii), (Hi), 1/J{g) = J{g^^) o g and the fact that ^^(MP) (resp. Oa/ (M^)) is 
stable under the pointwise product of functions. □ 

Remark that for any g G G^(M^), we have g x Mrp. The multiplication by a function 
in 0^^{W^) is a topological isomorphism from the Frechet space of rapidly decaying E'^-valued 
functions S{MP,Ez) onto itself. If we note J^'^, the Jacobian of V'^'^/, then l/J^'^i = Jz' 'z°'^z'z' 
and Jj5 o ^y(2;) = dx^'^/dx'''^'{x) = det MI^M^' J-^ = det{M^',^J-^Ml^. We deduce from 
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Lemma r2.14l (OT) that if (M, exp) has a (resp. Om) bounded geometry then J^'^, is in (M") 
(resp. Ol.iR^)). 

Definition 2.15. Any smooth function / is in So- (resp. Om) if for any frame {z, b), fo{n^)~^ £ 
5*0- (M") (resp. OmO^'^))- Similarly, any smooth function / is in 5^ (resp. O^) if for any frame 
(z,b), /o (n,^)-i G S^iR^ (resp. 0^,(IR")). 

Lemma 2.16. // (M, exp) has a Sa-bounded geometry then a smooth function f on M is in 
Sa (resp. ) if there exists a frame {z,b) such that f o (n^)^-*^ G S'o-(M") (resp. S^{M."')). 
Similarly, If (M, exp) has a OM-bounded geometry then f is in Om (resp. O^^) if there exists 
a frame (z, b) such that f o {nl)-^ e OAf(M") (resp. Olj{W)). 

Proof. Let {z' , b') be a frame such that / o (n^^)~^ G 5(j(M"), and let (z, b) be another frame. 
By Lemma 12.101 iii). if (M, exp) has a So-bounded geometry then for any n- multi-index a, 

0<|a'|<|o| 

where (/„,„/ o (n^)-i)(x) = 0((x)-'^(l"l-l"'l)). As a consequence a"(/ o (n^)-i)(x) = 0((x)-'^l°l) 
and the result follows. The case of Om bounded geometry is similar. □ 

Definition 2.17. A smooth strictly positive density d^x is a S^-density (resp. O^^^j-density) if 
for any frame {z, b), the unique smooth strictly positive function f^^b such that d^i = 
is in (resp. O^^). In this case, we shall note ^z,h the smooth stricly positive function in 
S^{W) (resp. Ol^{W)) such that d^ = {fi.^b ° n^z) Idx'''']. 

We shall say that (M, exp,d//) has a So- (resp. Om) bounded geometry if (M, exp) has 
a Sa (resp. Om) bounded geometry and dfi is a S^ (resp. O^j) density. 

Lemma 2.18. If (M, exp) has a Sa (resp. Om) bounded geometry then any density of the form 
uon^,\dx^'''\ where u is a smooth strictly positive function in (M") (resp. Oa/ (M") ) and {z, b), 
{z',b') are frames, is a -density (resp. O^.^ -density). 

Proof. Let {z" , b") be an arbitrary frame. Noting d^ := uon^,\dx^'^\, we get dfi = {uon^,)\J^'^„ |o 
n^',\dx^" \. We already saw that the function J^'^„ is in S^{W^) (resp. 0^,j{W^)). By Lemma 
Em {u o n^^;)(| J^',' I o n^;,) is in (resp. O^j). □ 

Remark 2.19. By taking := x i— > 1 in the previous lemma, we see that for any exponential 
manifold (M, exp) with (resp. Om) bounded geometry, we can define a canonical family of 
5^-densities (resp. O^j-densities) on M: V := {\dx^'^\)(^z,b)&i where / is the set of frames on M. 
If the map exp is the exponential map associated to a pseudo-Riemannian metric g on M, we 
can also define a canonical subfamily of V by Vg := {\dx^\)z£M where \dx^\ := with b any 

orthonormal basis (in the sense gz{bi, bj) = rji5ij where rji = 1 for 1 < i < m and rji = —1 for 
i > m, where g has signature (m,n — m)) of Tz{M) {\dx^\ is then independant of b). A priori, 
the Riemannian density does not belong to the canonical M-indexed family Vg. 

We shall need integrations over tangent and cotangent fibers and manifolds. We thus 
define d^i* := (/uj^, o n^) \dz,b\ the codensity associated to d/i, where yujj, := -j^^ and {z,b) 

is a frame. Note that since l^^^bl/IS^'^E,'! = |(ia;^'''''|/|(ix^'''| = (/i^^t, o n^)/(^^/ f,; o n^,), dfi* is 
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independant of {z,b). For a given x G M, the density on Tx{M) associated to d^x is d^x '■= 
{fJ'z,b ° 'iT'zi^)) l'^^;^ ''I and the associated density on T*{M) is d/i* := (/xjj, o n^(x)) |92,fa^|- For a 
function / defined on Tx{M) or T*{M), we have formahy: 

fiO d^ixiO = ^.,b o nlix) [ f o {MlJ-\C) dC , 

and it is straightforward to check that these integrals are independant of the chosen frame {z,b). 
2.5 Schwartz spaces and operators 

Assumption 2.20. We suppose in this section and in section [2^ that {M,exp, E,dfi), where 
E is an hermitian vector bundle on M , has a OM-bounded geometry. 

The main consequence of the exponential structure is the possibility to define Schwartz 
functions on M. 

Definition 2.21. A section u G C°°{M,E) is rapidly decaying at infinity if for any (z, b), any 
n-multi-index a and p G N, there exists K^^p > such that the following estimate 

\\d^^,u^{x)\\^^<K^Jx)-^, (2.11) 

holds uniformly in x G M. We note S{M, E) the space of such sections. 

With the hypothesis of ©M-bounded geometry, we see that the requirement "any {z, b)" 
can be reduced to a simple existence: 

Lemma 2.22. A section u G C°°(M, E) is in S{M, E) if and only if there exists a frame {z, b) 
such that is valid. 

Proof. Suppose that (j2.1ip is valid for (z' , b') and let (z, b) be another frame. Thus, with Lemma 
12.101 (ii) and Leibniz rule, 

d%u^{x)= E Uo.'Qdf,-P{r-'Tz>)d^^,y{x). (2.12) 

0<|a'|<|a| /3<a' 

Moreover C^') < Ca{x)l'^^ for a C^, > and a g^. > 1- Now (ITTT]) and 

(j2.3p entail that for any p G N, there is X > such that d"^^u^{x) < K{x)^'^. The result 

follows. □ 



Remark 2.23. Let u G C°°{M,E) and (z,b) a frame. Then u G S{M,E) if and only if 
(r-i-u) o (n^)-i G S{R'',Ez). In other words, if G S{R'',Ez) then Tz{v o n\) G S{M,E). 

The following lemma shows that we can define canonical Frechet topologies on S{M, E). 

Lemma 2.24. Let (z, b) a frame. Then 
(i) The following set of semi-norms: 

qa,piu) := sup(x)^ J|a^ t.^'^(x)|| . 
defines a locally convex metrizahle topology T on S{A4,E). 

(a) The application T^^t, is a topological isomorphism from the space S{M,E) onto 5(M",£'z). 
(Hi) The topology T is Frechet and independent of the chosen frame {z, b). 
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Proof, (i) and (ii) are obvious. 

(iii) Since Tz^b is a topological isomorphism, T is complete. Following the arguments of the 
proof of Lemma 12.221 we see that there is r G N* such that for any n-multi-index a and p G N, 
there exist Ca,p > 0, r^^p S N*, such for any u G S{M, E), 

I/3|<I"I 

The independance on {z, b) follows. □ 

Remark 2.25. If {M,exp, E, dfi) has a 5o-bounded geometry, then it is possible to define 
the Prechet space of smooth sections with bounded derivatives B{M, E) by following the same 
procedure of 5(M, E), with Lemma 12.101 

Classical results of distribution theory [50] and the previous topological isomorphisms 
t, entail the following diagrams of continuous linear injections ((M; E) ommitted and 1 < p < 
oo): 



B 



£'■ 



S' 



■V 



LP{dfi) 



■S' 



The injections S ^ B ^ L°° are valid in the case where M has a So-bounded geometry. 
In the case of a general O^f-bounded geometry, only the injection S L°° holds a priori. The 
injection from functions into distribution spaces is given here hy u {u,-) where {u,v) := 
J{u\v)d^i. Note that the following continuous injections 5 — > 5' and S L^^dfi) S' , 
(1 < p < oo) have a dense image. 

Using the same principles of the definition of S together with the OM-bounded geometry 
hypothesis and Lemma [2.13l (ii), we define the Frechet space S{M x M, L{E)) such that for any 
{z, b) the applications T^^^^m^ := K ^ o (n^ a/z)""^ are topological isomorphisms from S{M x 
M,L{E)) onto S{R^''\L{Ez)). Noting j^^ the continous dense injection from S{M x M,L{E)) 
into its antidual S'{M x M, L{E)) defined as {jM2{K),K') = J^^^ Tr{K{x, y){K'{x, y))*) d^i® 
diJ,{x,y), we have the following commutative diagram, where j is the classical continuous dense 
inclusion from S{M.'^" , L{Ez)) into its antidual, and M^^^ is the multiplication operator from 
onto itself by the ©^^(M^") function Hz,b(^l^z,b- 



S{M X M,L{E)) 



SiR^'\LiE,)) 



S{R^'\LiE,)) 



■S'{M X M,L{E)) 



■S 



Um2n 



,L{E,)) . 



Since S is nuclear, L{S,S') ~ S'{M x M,L{E)) and S{M x M,L{E)) S ® S where S := 
S{M,E). Thus, S'{M x M, L(^)) ~ 5'g 5', where 5' is the dual of 5 which is also the antidual 
of S. Note that the isomorphism L{S,S') ~ S'{M x M,L{E)) is given by 



{Ak{v),u) = K{u®v) 
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where Ak is operator associated to the kernel K, u,v G S, and v{y) := v{y). Formally, 



Thus any continuous linear operator A : S ^ S' \s uniquely determined by its kernel Ka G 
S'{M X M, L{E)). The transfert of A into the frame (z, b) is the operator A^^^, from S{W, E^) 
into S'{W,Ez) such that 



Thus, if Ka is the kernel of A, we have i^A^ i, := T^,b,M^(-^^) ^ kernel of ^2, fa, where 



into itself. An isotropic smoothing operator is an operator with kernel in S(M x M, L{E)). The 
space regular operators and the space of isotropic smoothing operators are respectively noted 
3fi(5) and 

Note that this definition of isotropic smoothing operators differs from the standard 
smoothing operators one where only local effects are taken into account, since in this case, 
a smoothing operator is just an operator with smooth kernel. Clearly, A is regular if and only if 
for any frame (z, b), A^^^ is regular as an operator from 5(M"', E^) into 5'(M"', E^). Remark that 
the space of regular operators forms a *-algebra under composition and the space of isotropic 
smoothing operators is a *-ideal of this algebra. 

Let us record the following important fact: 

Proposition 2.27. Any isotropic smoothing operator extends (uniquely) as a Hilbert-Schmidt 
operator on Lp'iji^). 

Proof. An isotropic smoothing operator A (with kernel K) extends as a continous linear operator 
from S' to 5, and thus it also extends as a bounded operator on L?'{d^). Let {z, b) be a frame. If 
U is the unitary associated to the isomorphism L'^{dfi) onto W^.fa '■= -^^^(IR", Ez,iJ,z,b dx) we have 
A = U*Az,bU where A^^b is a bounded operator on Hz,b given by the kernel o {n^,n^)~^. 
Since this kernel is in 'Hz,h'^T^z,b = L'^i^^'^^E^^'E^, {fXz,bdx)^'^), it follows that A^^b is Hilbert- 
Schmidt on Hz,b, which gives the result. □ 

2.6 Fourier transform 

Fourier transform is the fundamental element that will allow the passage from operators to their 
symbols. In our setting, it is natural to extend the classical Fourier transform on to Schwartz 
spaces of rapidly decreasing sections on the tangent and cotangent bundles of M, and use the 
fibers Tx{M), T*{M) as support of integration. 



Definition 2.28. A smooth section a G C°°{T*M,L{E)) is in S{T*M,L{E)) if for any (z,b), 
any 2n-multi-index v and any p gN, there exists Kp^^, > such that 




{Az,b{v),u) := {AiT;l{v)),T-', 



{u)). 





(2.13) 



uniformly in {x,6) G T*M. A similar definition is set for S{TM,L{E)). 
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Following the same technique as for the space S{M,E), using the coordinate invariance 
given by Lemma 12.131 we obtain the 

Proposition 2.29. (i) A section u G C°°{T* M, L{E)) is in S{T* M,L{E)) if and only if there 
exists a frame {z, b) such that i2.13\} is valid. A similar property holds for S(TM, L{E)). 
(a) There is a Frechet topology on S(T*M, L(E)) such that each 

is a topological isomorphism from S{T* M, L{E)) onto S{M?''^, L{Ez))- A similar property holds 
for S{TM, L{E)) and the applications T^^^^t '■= a ^ a^ o (n'^j,)'^. 

Proof {i,ii) Suppose that dTTHH is valid for {z',b') and a E C°°{T*M, L{E)) and let {z,b) 
another frame. With Lemma [2. 131 and Leibniz rule, noting u = (a,/?), u' = {a' ,j3'), X = (A^, A^) 
and p = we get 

^.',b«' = E E ^-'^-^A,P<b''(^."'^^09^f/^(a^')</'(r7V,) (2.14) 
0<\u'\<\u\ p<\<y' 

\p'\>m 

where C^',a,p = V,A2 V.p^ ( a) ' ^^^^^ ^ow the fact that for any x,?? G (x)i/2(??)V2 < 

((x, "i?)) < (x)('i?), and ()2.3p . (12. 4p . we see that for any 2n-multi-index and p € N, there is 
ry^p G N* and Cy^p > such that qi^,p\a) < C,,,p X^|p|<|^| q^'p/^'J (a) , where 

qif\a):= sup {x , e)^, pl^a^x , e)\\ 

{xfi)£T*M ^ 

The results follow, as in the case of S{M,E), by taking the topology given by the seminorms 
q^lp for an arbitrary frame {z, b). □ 

Remark 2.30. If (M, exp, E) has a S'o-bounded geometry, we saw in Remark 12.251 that a 
coordinate free (independant of the frame (z, b)) definition of a space of smooth ii^-sections on 
M with bounded derivatives is possible. However, a similar definition cannot be given in the 
same manner for L(£')-sections on TM or T*M with bounded derivatives, due to the fact that 
the change of coordinates of Lemma 12.131 impose an increasing power of {9) (when \P'\ > 
However, the independance over (z, b) would still hold for the space of smooth sections of 
L{E) T*M (resp. TM) with polynomially bounded derivatives. 

We note S'{T*M,L{E)) and S'{TM,L{E)) the strong antiduals of S{T*M,L{E)) and 
S(TM, L{E)), respectively. We have the following continuous inclusion with dense image 

jT*M ■■ S{T*M, L{E)) ^ S'{T*M, L{E)) (resp. jtm : S{TM, L{E)) ^ S'{TM, L{E))) 

defined by 

{jT*M{a),b):= [ Tr(a6*)d/i* (resp. OTAf(a), 6) := / Tr{ab*)di7) 

Jtm* Jtm 

where dp* is the measure on T*M given by dp*{x, 6) := dp*{9)dp{x) and dp^ is the measure on 
TM given by dp^{x,S,) := dp^{^)dp{x). Note that for any (z, b), dp*{x,e) = \dz,bj{0)\dx'''^\{x) 
(this is the Liouville measure on T*M) and dp^{x,9) = pi ^^on\{x)\dxx^\{^)\dx'^'^\{x). We have 
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the following commutative diagram, where M^2 is the multiplication operator by the ©^^(M^") 
function (x, C) ^ 

S{TM, L{E)) — ^ S'{TM, L{E)) 



and, in the case of S{T*M, L{E)) a similar diagram is valid if M^2 is replaced by the identity. 
Definition 2.31. The Fourier transform of a G S{TM, L{E)) is 

^(a) : {x,e) ^ [ e-2-<^'«>a(x,e)d^.(0- 

Proposition 2.32. T is a topological isomorphism from S{TM, L{E)) onto S{T* M, L{E)) with 
inverse 



JTi{M) 

The adjoint T* of T coincides with T on S{TAI,L{E)), so we still note J-'* by T and T* by T . 
Proof. Let {z, b) be a frame. It is straightforward to check that the following diagram commutes 

S(TM, L{E)) — ^ S(T*M, L{E)) 



5(M2-, L{E,)) --^ l{E,)) 

where J-z^b = ° -^/^ = o with the multiplication operator on 5(M^", L(£'2)) 
defined by M^{a) := (x, Q <^ ^z,b{^) C) and the partial Fourier transform on the space 
S{^^,L{Ez)) (only the variables in the second copy of M" in M^" being Fourier transformed). 
It is clear that J^z,h is a topological isomorphism from Si^'^ ,L{Ez)) onto itself with inverse 
-^zb ~ ° "^P" fact that !F coincides with on S{TA4, L{E)) is a consequence of the 
following equality 

/ Tr{a{T{b))*)dfi^ = [ Tr {J^ {a)b* ) dfi* 
Jtm Jt*m 

for any a G S{TM, L{E)) and b G S{T*M,L{E)), that is a direct consequence of the Parseval 
formula for J^p. □ 

3 Linearization and symbol maps 

3.1 Linearization and the '^t diffeomorphisms 

Recall that a linearization (Bokobza-Haggiag [^) on a smooth manifold M is defined as a 
smooth map f from M x M into TM such that n o u = tti, iy{x,x) = for any x G M and 
[dyv)y=x = IdTa;M- Uslug thls map, it is then possible by restricting on a small neighborhood 
of the diagonal of M x M, to obtain a diffeomorphism onto a neighborhood of the zero section 
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of TM and obtain an isomorphism between symbols (with a local control of the x variables 
on compact) and pseudodifferential operators modulo smoothing ideals. These isomorphisms 
depend on the linearization, as shown in |4j Proposition V.3]. We follow here the same idea, 
with a global point of view, since we are interested in the behavior at infinity. We thus consider, 
on the exponential manifold (M, exp, E, dn) a fixed linearization -0 that comes from an (abstract) 
exponential map ip on M (also called linearization map in the following), so that tp{x, y) = tp^^V^ 
and ipx is a diffeomorphism from T^M onto M, with ipxiO) = x, {d'ipx)o = Idx^M- For example, 
may be the exponential map exp. 

Let A G [0, 1] and $a be the smooth map from TM onto M x M defined by 

Assumption 3.1. We suppose from now on that whenever the parameters A, A', are in ]0, 1[, 

it is implied that the linearization map ip satisfies for any x,y ^ M and t G M, ipx{tipx^ iv)) — 
'ipy{{l — 1)'4>~^ (x)) . This hypothesis, called (H^) in the following, is automatically satisfied if the 
linearization is derived from a exponential map of a connection on the manifold. 

A computation shows that $a is a diffeomorphism with the following inverse : 
{x,y) 1-^ a'y^{l - A) for A / and $o^(x,y) -a'^y{0), where axy{t) := ipxittpx^iy))- Noting 
^^^{x,y) =: {mx{x,y),i\{x,y)), we see that mx{x,y) = axy{X) and, if A / 0, i\{x,y) = 
\'^rax{xy)^^^'' ^^'^^^ io{x,y) = —'Px^iu)- ^hc following, we shall use the symbol W (for 

Weyl) for the value A = i, so that myy := mi, <I>iy '■= ^-nd similar conventions for the 

^ 2 2 

other mathematical symbols containing A. Note that mx is a smooth function from M x M 
onto M, with mx{x, x) = x for any x S M. Moreover, for any x,y G M, m\{x, y) = mi^\{y, x), 
mw{x,y) = mw{y,x) (the "middle point" of x and y), ^\{x,y) = -^i-x{y,x), ^w{x,y) = 
~^w{yjx) and X $^^(x,x) is the zero section of TM M. Noting j the involution on 
M X M : (x, y) I— > (y, x), we have = j o ^i_x ° — Wtm- 

For any t G [—1,1] (with the convention that if {H^) is not satisfied, we are restricted 
to t G { —1, 0, 1 }), we define, 

Ti:(x,e)^(0,(te),^V'^^\,5)(x)) 

with the convention -j-'P^^f^f^-^ix) := if t = 0, so that Tq = IdxAi- A computation shows that 
T^^ = T_(. The $A and diffeomorphisms are related by the following property: for any 
A, A' G [0, 1], o ^x' = Ta'-a- We wih use the shorthand Tt,r(x,0 := that 

Tt = (0 o tldTM,'^t,T)- 

Remark 3.2. Note that {H^) entails that (Tt)t£R is a one parameter subgroup of Diff (TM). 

Remark 3.3. Suppose that ip is the exponential map associated to a connection V on TM, and 
Ox^^ the unique maximal geodesic such that ^(0) = (x, ^). It is a standard result of differential 
geometry (see for instance |25t Theorem 3.3, p. 206]) that for any v := {x,rj) G TM, and 
^ G Tx{M), there exists an unique curve /?! : M ^ TM such that Vq,^/?| = 0, vro/?! = a^, (in other 
words, Pv is a„-parallel lift of a^) and /3|(0) = (x,^). By definition of geodesies, /3x,r) = a^,??- 
Moreover, /?|,,y(l) G T^v(M), so we can define the following linear isomorphism of tangent fibers: 
Px,r, : Tx{M) ^ T^viM), e ^ /3|,^(1) . Note that P-^ = P^.^^-Ux) = P-T,{.,r,) = Pr.,ix,-^)- 

The are the parallel transport maps along geodesies on the tangent bundle. These maps 
are related to the diffeomorphisms, since a computation shows that for any {x,rj) G TM and 
tGM, Px,t^{ri) = Tt,T{x,r]). 
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If {z, b) is a frame, we define $A,2,fa := m2°*^-^°(^2 t) ^ '^•^^^ -^A.^.b its Jacobian. 

We also define Tt^2,b = n^j^oTto {n\ and the smooth maps from M2" to W-: 

i^z : (x, C) ^ "-z o o (?^2,t)~^(x, C) , 

iJI : (x,y) ^ M^^_(„,),,(^) o o (n,^)-i(y). 



Noting V2,x(C) := V'2(x,C) and V^|_x(y) := V'2(x,y), we have (^^^^j ^ = A computation 

shows that for any (x, C,y) ^ M^", 

<fA,2,fa(x,C) = (V.'(x,AC),V2'(x,-(l- A)C)), <fA',fa(X'y) = ("^A,2,fa(x,y),eA,2,fa(x,y)) (3.1) 

where we defined the following functions: mA,2,fa(x, y) := V'z(x, AV'2(x, y)), ^o,z,b '■= —"^z and for 
A / 0, eA,2,b(x,y) := iV^(mA,2,fa(x, y), x). We also obtain for t G [-1, 1], (x, C) G M^", 

Tt,,,t,(x,C) = (V'2'(x,tC),ii^(V''(x,tC),x)) =: (^,^(x,tC),T^;T(x,C)) , (3.2) 

and To,2,b = Id]R2n. Note that T^^^ f,(x, 0) = (x, 0) for any x G M" and T^',^ = jT^'^ o J^,* where 
is the diagonal matrix with coefficients la = r for i < n for 1 < i < n and Iji = r' for 
n + 1 < z < 2n. 

3.2 OAf-linearizations 

We intent to use the linearization to define topological isomorphisms between rapidly decaying 
section on TAI and M x M. We thus need a control at infinity over the derivatives of the 
linearization ■i/'- 

We note r^''' = o (n^^a)"! G C°°(M2", L(£;^)). Remark that for any (x,y) G M^*^, 
r^'''(x, y) is an unitary operator on E^- We will also need the following functions parametrized 
by t G M: Tt{x,r,) := T^iMtv)) for any {x,r]) G TM and <'''(x,C) := r^'''(x, V',^(x, tC))- 

Definition 3.4. A linearization ^ on the exponential manifold (M, exp, E, d^) is said to be a 
OM-hnearization if for any frame (z, b) the functions V'z and "02 are in in O^f (M^", M") and the 
functions tI'^ and (r^'"''')"^ are in Om{^^'^,L{E:,)). We will say that (M, exp, ^, d//, V') has a 
OM-bounded geometry, if it the case of (M, exp, E^ dfi) and ^ is a Ojv/-linearization. 

Lemma 3.5. Suppose that ^ is a Om -linearization. Then for any frame {z,b), A G [0,1] and 
tG [-1,1], 

(i) ^A,2,b G 0]:,(M2-,m2«) and JA,2,fa G 0^j{R^^), 

(ii) Tt,z,b G 0^^(M2",r2") and J{Tt,,,b) G Om(M2"), 
fm; T^^''' and «''')-^ are in C'm(M2", L(S^)). 

Proo/. (i) By ([XID, we have ^>A,2,fa = {i^z ° h,x,i^z ° h,x-i) and = {mx,z,b,C\,z,b) where 

mA,2,fa = ipz° h,x ° {'^i,i'z) an d if A / 0, ,^a = j-ipz ° ("iA,2,b, tti), while ^o,2,b = -ipz- Thus, the 
result is a consequence Lemma 12.141 (Hi) and {vi). 

(a) By (j3.2p . we have for t 0, Tt^z,b = (V'2 ° -^i,* ' ^V'z ° (V'2 ° ^i))- The result follows again 
from Lemma 12.141 (iii) and (vi). 

(Hi) We have t^' = r^' o Ii^^ and (tj^''')~^ = (''"1''')^^ ° so the result follows from Lemma 
UM{iii)- ' ' □ 
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The following lemma shows that we can obtain topological isomorphisms on spaces of 
rapidly decaying functions from the functions Tt and ^x- 

Lemma 3.6. Let p eW, t e Ol^{W,GL{Ez)) and $ e 01^{W,M:p). Then the maps Lr := 
u 1-^ Tu, Rr := u UT and (7$ := u u o ^ are topological isomorphisms of S{MP,L{Ez)). 

Proof. Since L^^ = L^-i, R^^ = R^-i and C^^ = C^-i, we only need to check the continuity 
of Lr, Rt and (7$. The continuity of Lr and Rr is a direct application of Leibniz formula. Let 
be a p-multi-index and r G N. Theorem 12.111 implies that for any u G 5(R^, L{Ez)), 



qu,NW°^)< y\ sup(x)^|P,,a(^)(x)| (9'^u)o$(x) 



where the functions Pu,\{^) are such that |P,,,a(^)(x)| < Cy{y.Y" for a g,, G N* and a. Cy > 
Since (<I>"i(x)) < C(x)'' for a r G N* and a C > 0, we see that there is C;^ > such that 
qu,N{u o^) <Cl E|A|<|i.| (l\{q^+N)T{u), which gives the result. □ 

Lemma 3.7. If {M , exp, E , dfi) has a O^j -bounded geometry and ip is a linearization such that 
there exists (zq, bo) such that the functions V'^o '^'^^ OmCI^^", IK") and tI°'^° , {tI°'^°)^^ 
are in O m{^'^ , L{Ezo)) , then ip is a OM-l'inearization. 

Proof. The result is a direct consequence of the formulas = V'z,'^^ ° ip^l ° '^Iq'zT' '^l,x{'y) = 
{di;'z°:^)-' ipll o ^pll'l^,{x, y) and r^'^ = (r^ o o {nl ^,,)-i r-"'"" o ^^^f^ {r-^^z) o o 

3.3 Symbol maps and A-quantization 

Assumption 3.8. We suppose in this section and in section 3.4 that {M,ex-p,E,dji,ip) has a 
OM-bounded geometry. 

The operator is a topological isomorphism from S' (TM, L{E)) onto S' (T* M , L{E)) . 
We shall now introduce a topological isomorphism between S'{M x M, L{E)) and S'{TM, L{E)). 
We define the linear application La from C°°{M x M,L{E)) into C°°{TM, L{E))y. 

TxiK) : V ^ K""^"^ o <^>x{v) . 

As a consequence, rA(i^) = t^^ {K o^x) tx-i and r^^(a) = (ta ar^^-^^) o^x^ ■ For a given frame 
(z, b), we note Tx,z,b '■= '^z,b,T °^x° '^zb ivP' ^ computation shows that for any smooth function 

u G C°-{R^^,L{Ez)), Tx,z,b{^) = {T'/)-Huo^x,z,byx\. 

Let us define the smooth strictly positive functions on M^" and M x M respectively: 

^^'^'"(^'y) '■= J^J^l^t^^l)) l-^^'^'^l ° ^Kz,b(^^y) /^A := l^x,z,b o {nln^). (3.3) 

It is straithtforward to check that ^x is indeed independent of [z,b). Note that //i_A(x,y) = 
IJ-xiy^x)- Since tJ-x.z,b ^ C?Af(IK^")) the operator of multiplication is a topological isomor- 
phism on 5(M X M, L{E)). Note also that Fa o M^^ = M^^o<^^ o La- 

Proposition 3.9. F^ is a topological isomorphism from S{M x M,L{E)) onto S(TM,L(E)). 
Moreover, Fa o = Jtm o Fa o M^^, where Fa := F^^*. 
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Proof. Let {z, b) be a frame. It suffices to prove that Tx^z,b is a topological isomorphism from 
S{M , L{Ez)) onto itself. Since T\^z,b 

o R^z,b o ^ , the result follows from 

Lemma 13.61 and Lemma 13.51 (i) and (iii). Let u,v ^ S{M?'^, L[Ez)). We have (with j the 
canonical inclusion from ^(M^", L(£;^)) into cS'(M2", 

= / Tr {{r^,Y' o <i>,-i,,(x,y) .(x,y) r^^ o $,-,i,,(x,y) 

= / 'T^i'rx,z,biu){m,C)v*{m,C))\J\.z,b\iin,C)dmdC 
= (i°^|Jwl°rA,.,b(n))(t;) 

where we used the following change of variables (m, () := <I>^^ (^(x, y). Thus, we have T\^z,b°j = 
J o M|j^^ o rA,^,fa. The relation Txaj^i = Jtm o Ta o M^^ now follows since M|j^^^^| o rA,2,fa = 
rA,2,boM|_^^^^_^l„^-i^^^ , Tl^ j,ojoM^2^^ = jTMoT'l^ and T* t,_M2 0JoM^^ = Jm^^T-^^^. □ 

As a consequence, La is a topological isomorphism from the space of tempered distribu- 
tional L(^)-sections on M x M, S'{M x M,L{E)) onto S'{TM,L{E)) and when restricted (in 
the sense of the previous continous inclusions) to S{M x M,L{E)), is equal to Fa o M~^, so 
provides a topological isomorphism from S{M x M,L{E)) onto S{TM, L(E)). Fourier trans- 
form coupled with La lead us to the following natural isomorphism from S'{M x M, L{E)) onto 
S'{T*M,L{E)). 

Definition 3.10. Let A G [0, 1]. The A-symbol map is the topological isomorphism from S'{M x 
M, L[E)) onto S'{T*M, L{E)): a\ := .FoFa. The A-quantization map is the inverse of a\, noted 
£>Pa- 

Thus, the data of a tempered distributional section on the cotangent bundle (i.e. an 
element of S'{T*M, L{E))) determines in an unique way (for a given A), an operator continuous 
from 5 to 5', and vice versa. Remark that a\ o jj^.j2 = jx* m ° ^ ° and Dp a oj^* jv/ = 
jj\//2 oMij^^ If i^-i ^) is a frame then, noting 0^x,z,b '■— '^z,b,A'P °^Pa °'^zb*^ obtain 

'^Px,z,b = ^x,z,b ° i ° ^ ^ 5(M2",l(^2)) and b G Om{R'^'' ,L{Ez)), 

{Opx,z,bib)^^) = I e2-«'''>Tr(/.6(x,7?)(FA..,i,(n))*(x,C))f^Cc^^c^x. (3.4) 
where fib : (x, ??) ^ ^z,b{^)b(yi,'d)- 
3.4 Moyal product 

The applications Dpg, Dp^, Opvi/ := ^^Pi are respectively the normal, antinormal and Weyl 

quantization maps. Remark that for any T e S' {T* M , L{E)) , DPa(T*) = {Opi_x{T))'> . In 
particular 

Dpo(T*) = (Dpi(r))t , OpwiT*) = (Dp^iT))^ 
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where f is the topological isomorphism of S'(M x M,L{E)) defined as {K^,u) := {K,u* o j) 
with j the difi'eomorphism on M x M : (x, y) {u^x) and u G S{M x M,L{E)). The kernel 
of the adjoint of any operator A E L{S,S') is As a consequence, a\ is a linear 

topological isomorphism (and a *-isomorphism in the case of the Weyl quantization) from the 
algebra = L{S, S) n L{S', S') of regular operators onto its image dJlx '■= (^x{^i<S))- We can 
transport the operator composition in the world of functions, by defining the A-product on 
as 

To, T':=ax{Dp,{T)Op,iT')) 

so that VJtx forms an algebra, and = VJti-x- In the case of A = |, we recover the Moyal 
*-algebra Tlw and the Moyal product o^^. The space ^~°°(M) ~ S{M x M, L{E)) of isotropic 
smoothing operators being an *-ideal of the space S{T* M, L{E)) = a\{^~°°{M)) forms 

an ideal of 971^- Since we will focus on the pseudodifferential calculus over M, we shall not 
investigate in this paper the full analysis of the Moyal product over T*M. Note however the 
following property on S{T*M) := S{T*M,L{M x C)) ~ S{T*M,C): 

Proposition 3.11. {S{T*M),ox) is a (noncommutative, nonunital) Frechet algebra. Moreover, 
aoxb{x,v)= [ dMOd^y) [ d^,l^^y{e, e') g^^^^ e2-^<e..(^'^.^\(y^^^^, 9) 6(^174, 6') 



T^{M)xM JV^- 



where y^j: := mx{ipx ,z), y^^^ := Cxii^x ,z) and 

^x^,y ■■= m X T*, (M) , d^ll^^y{e, 9') := d^i\ (9) d^i*, [9') 



^i^,y{^,0,9') := {9,yl^) - (^'.yi;^) - (t?,?) 



Proof. The product a o;^ 6 on S(T*M) is obtained by computation oi J- oTx o M^^ o ((M^^^ o 
r^"*^ o J-{a)) oy {M^^ o o J'^(6))), where oy is the Volterra product of kernels. Since ax is a 
topological isomorphism between 5(M^) and S{T*M), the continuity of the Moyal product is 
equivalent to the continuity of oy , which is equivalent to the continuity of the following product 
on 5(M2"): 

K ■ K'{x, y) := / K{x, t)K{t, y)fi,,b{t)dt. 
The continuity of this product is obtained by the following estimates 

^p,(a,/3)(-?^ • < C'92(p+r),(a,0)W9p,(0,/3)(^')) QpA^) ■= SUp ((x, y))^ | ^^^i^ (x, y) | 

(x,y)eM2n 

where |//^,t>(t)| < Ci(t)^-"-i and C := Ci 4„(t)-("+i)dt. □ 

Remark 3.12. {S{T*M), o^^) is a *-algebra since (a ow b)* = b* a* for any a,b £ S{T*M). 
We can also construct another *-algebra on S{T*M) with the product a-kb := ^(a og 6 + a 6). 
This proves that when (H^) (see Assumption 13. ID is not satisfied (so that no middle point exist 
in the classical world) we can still have a canonical star-product on S{T*M) which satisfies 
(a* 6)* = 6** a*. 
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4 Symbol calculus of pseudodifferential operators 
4.1 Symbols 

Assumption 4.1. Let a G [0,1]. We suppose in this section that {M,exp,E) has a S^-bounded 
geometry. 

The algebra 3^(5) and are respectively too big and too small to develop a satisfac- 
tory pseudodifferential calculus that allows an efficient utilization of symbol maps. We shall in 
this section define some spaces of symbols that will be used to define later special algebras of 
pseudodifferential operators that lie between and 

Definition 4.2. A symbol of degree {l,m) G M? of type a, on M is a smooth section a G 
C°°(T*A4, L(E)) such that for any (z, b) and any n-multi-indices a, /?, there exists K > such 
that 

< (^)ri" (4.1) 



is valid for all (x, 0) G T*M. The space of symbols of degree (/, m) and type a is noted S'^'™. 

Remark that Sq"^ is independant of /, so we note this space 5q". We note S~°° := 
^i,mS/^ and in the case o" > 0, we define 5~°° := -5"°° = S{T*M,L{E)) (it is independant of 
a > 0). We set 5~ := U^.^n^^"- We define similarly 5^" := ^^"(M^", L{E^)), without reference 
to a frame. 

Since M has a S'o-bounded geometry, we get the following coordinate independance of 
the previous definition: 

Proposition 4.3. Let a G C°° {T* M , L{E)) . Then a G S'^'™' if and only if there exists a frame 
(z, b) such that a satisfies ^-1^ . 

Proof. Suppose that (14. ip is satisfied for {z' , b') and let [z, b) be another frame. For (x, 6) G T*M 
and a, (3 two n-multi-indices with u = (a, 13) ^ 0, we get from Equation (j2.14p and Lemma [2.13l 

Using (j2.ip . (j2.2p and the fact that |a| > we get the result. □ 

Corollary 4.4. If a G C°^{T*M, L{E)), then a G S^f if and only if for any {z, b), a^o(n^_ J-i G 
5^"'(M2",L(£;^)), or equivalently, there exists {z, b) such that o (n^ J-^ G ^^•"'(M^", 

We see that 5^™ • 5^'"^ ^ S^^' ,m+m ^j^g^.^ . jg ^j^g composition of sections induced 
by the matrix product on the fibers of L{E). Moreover, C Sa'^ for m < m' and / < 
Thus, is a *-algebra, which is bigraduated for cr > and graduated for a = 0. Remark 
also that S'"^ • and • 5"°° are included in 5"°°. Note that if / G Sb'^{T*M) (a symbol 
where M has its trivial bundle M x C), then af{x,9) := f{x,9)lL(^Ex) defines a symbol in 
Sa"^. Such symbols will be called scalar symbols. Note also that if a G Sa"^, then d^^^^a := 
(T.o-)(ai;^,^)a^)(r7^ovr)GSH"l'--l^l. 

If / G S^(M") then (x,t9) ^ /(x)Idi(s^) G 5°'°(M", In particular (x,??) ^ 



M^faWldL(£,) G 5;^'"(M",L(E,)) if d/i is a -density. 
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Remark 4.5. We note PS'^'"'(M2", L{E,)) the subspace of S'i'™(M2", L{E,)) consisting of func- 
tions of the form X^i<j<(dim_E;2)2 ^i^i where (ej) is a hnear basis of L{Ez) and Pi are of the form 
Yip (finite sum over the n-multi-indices where for any i, /3, d°^Ci^p{yi) = C'((x)'^('^l"l)) 

for any n-multi-indices a, and m = maxjdeg^Pj. We check that this definition is independant 
of the chosen basis (ej). 

We call polynomial symbol of order /, m and type a any section of the form (r^ o 7r)(P o 
n\ ^){t^'^ ovr) where P G P Sa"^ {M.'^"' , L{Ez)) and (z, b) is a frame. This definition is independant 
of {z, b). We note PS^"^ the subspace of S^"^ consisting of polynomial symbols of order l,m 
and type a. Remark that the section / : (x, d) Il{Ex) is in PS^'^. 

We now topologize the symbol spaces: 

Lemma 4.6. The following semi-norms on ST , for N £n, 



g(.,,)(a):= sup (x):^;"!-')^!^^ ^S'^^^l-^^) 

{x,e)&T*M 



determine a Frechet topology on Si'™, which is independant of {z,b). The applications T^^b,^ 
are topological isomorphisms from 5^™ onto Sa^^M?"" , L{Ez)) ■ The following inclusions are 
contmous for these topologies: ba ■ Oa Q Oa , Oa Q Ja (m < m and I < I J 

and S~°° C 5^*". Moreover, the last inclusion is dense when S\f^ has the topology of Sa'"^ for 
m < m' and I < I' . 

Proof. The independance of the topology for (z, b) follows from the easily checked estimate for 
any (a,/3), 

0<|(a',/3')|<|(a,/3)| 
l/3'|>|/3|,7<a' 



where Ka^js > 0. By construction the applications T^,b,* are clearly topological isomorphisms 
from 5^'"' onto sI;"'{R''^ , L{E,)). The continuity of sl'" • 55'™' Q 5^+''''"+'"', Sb"" Q S^'"' 
(m < m' and I < /') and S-°° C S'a'"' are straightforward. Following to prove the density 
result, we shall prove the stronger property: for any a € Sa"^ {M?"' , L{Ez)) the sequence 

ap(x,i9) := {p{x/p)f'^-^' p{^/p)a{x,^) 

converges to a for the topology of S'a''" (M."^"' , L{Ez)) where m' > m and /' > I. Here p £ 
C^{W,[0,1]) with p = 1 on 5(0,1) and p = on W\B{0,2). First, it is clear that ap G 
S-°°{R'^^,L{E,)). Noting iip(x, ??) := (x)<^(l°l-'')(??)l'3|-™' ||9("''3)(a - ap)(x,T9)||^(^^^ for a given 
2n-multi-index v := (a, (3), we get with Leibniz rule, for a K > (by convention z^' < if and 
only if v' < u and v' ^ v): 



^Rp{x,^) < Ap(x,7?)(x)'^('-'')(i9)'"-™' + |a'^-^'Ap(x,T9)|(x)'^('-''+l"'-l°'l)(T9)'"-™'+l^l-l^'l 

u'<u 



where Ap(x, ??) := 1 — (p(x/p))^ p{'d /p). Suppose that cr = 0. In that case, |Ap(x, i?)! < 
l[p,+oo[(^) and if v' < u, 



|5---'Ap(x,^?)| < l[p,2p](^) (4.2) 
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where l[r,r'] is the characteristic function of the annulus Ary :={■!?€ : r'<||i?||<r'} and 



:= sup^,<^ 



As a consequence, for K' > 0, 



K 

v'<v 

and the result follows. Suppose now a 7^ 0. In that case |Ap(x, < li^p(x, ??) where Fp := 
M^n _ 5(0, p)2 and if i/' < for a constant isT,. > 

|a'^-'^'Ap(x,^)| < l[sg„(a-a0p,2p](x) l[sgn(/3-/3')p,2p] W • (4-3) 

As a consequence, for K', K" > 0, and with r := max{m — m', a{l — I')} < 0, 

^i?,(x,^) < ipy+K' l[sgn(a-a')p,2p]W l[sgn(^-/3')p,2p] (^) (x)'^(^-'') (^?)"' < K" {p)^ 

v'<u 

and the result follows. □ 

Note that 5*"^ := ^i,mS~^Q = S{T*M,L{E)) and the equality is also vahd for the 
topologies. The following lemma shows that the symbols of Sa"^ are tempered distributional 
sections on T*M. 

Lemma 4.7. The application jT*M is injective and continuous from Slf^ into S' {T* M , L{E)) . 
Proof. Since we have the following commutative diagram 

gl,rn ^Sl^ ^ S'{T*M, L{E)) 

rp rjT^ 

■ ' 

where T* j, ,^ is the adjoint of T^^fj^* on S{T*M, L(E)) and OmIIR^", L{E;,)) is the locally convex 
complete Hausdorff space of L(£J2;)-valued functions on R^"" with polynomially bounded deriva- 
tives, it is sufficient to check that the natural injection i is continuous from iS^"^ (M^" , L{Ez)) into 
Om(IR^", L{Ez)). This is obtained by the following estimate, for any G and u = {a, (3) 

2n-multi-index, 

sup \\^p^''a{:^,^)\\^E^^ < K^^^qy{a) 
(x,i?)eM2" 

where K^,^ := sup(,,^)eBj2n |(/?(x, t?)(x)-('-I°1) (i?)™"!^! |. □ 

Definition 4.8. Let {aj)ji=fi* be a sequence in 5^'*"^ where (Ij) and {rrij) are real strictly 
decreasing sequences such that limj^oo = linij^oo = — oo. We say that a is an asymptotic 
expansion of {aj)jQ^* and we note 

oo 

if a G C~(T*M, L{E)) is such that a- X;)=| G 5'^'='""= for any A; G N with A; > 2. In particular, 
we have a G Sa'^^ . 
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We need asymptotic summation of symbols modulo S~°°. The following result of asymp- 
totic completeness is based on a classical method [43j of approximation of series by weightening 
summands aj{x,9) with functions which "cut" a neighborhood of zero in the domain of x (if 
o" 7^ 0) and 9. The idea is that the part we cut is bigger and bigger when j — > oo so that 
convergence occurs. 



Lemma 4.9. Let {aj)j^^* be a sequence in SJ' ^ where (Ij) and {rrij) are real strictly decreasing 

sequences such that limj^oo = limj^oo^j = — oo. Then 

(i) There exists a G Sa'"^^ such that a ~ Z^^i CLj- 

(a) If another a' satisfies a' ~ Y^JLi ^j; then a — a' S~°° . 

Proof, (ii) is obvious. Let us prove (i) for a sequence {aj)j£^* in 5^ (M^", L(£'j;)) and with 
a ~ X^jli «j S Sa'"^^{'^'^"',L{Ez)). The result will then follows for a sequence (bj) in Sa"^ by 
taking b := T^^^{a) where Uj := Tz^b,*{bj)- Define 

a'jix,^) := Ap^,(x,i9)aj(x,i?) 

where Ap. is defined in the proof of Lemma 14.61 and (pj) is a real sequence in [1, -|-cx)[. For any 
j G N, a'j — aj £ (M?'^ , L{Ez)) ■ Thus, the result will follow if we prove that for a specified 
sequence (pj) and for any A'^ > 0, there exists ko{N) > 2 such that for any k > kQ{N), 

oo 

qN,lk,ra^{a'j) < OO (4.4) 

j=k+l 

where qN,lk,mk ^'^^P\u\<N Qi^,lk,'m.k^ Iv.hy'mk semi-norms of S^/''""'(M2",l(S^)). In- 

deed, with d^a'- < q\u\ h nii.i'^'j) ^ ^ ki{i'), a' := YlTLi^-'j is a well defined smooth 

function and we have then a' — Yl^=i ^ 5"^ (M^", L{Ez)). Using Leibniz rule, we see that 
for any 2n-multi-index u := (a,/3), and any j G N*, there is K^j > such that 

^ ||ra;.(x,^)||^(^^^ < Ap(x,^)(x)'^('^-l°l)(^)-^-l/^l 

+ Yl |5''~'''Ap(x,??)|(x)'^('^-l"'l)(7?)'"^-'''''. 

u'<u 

Let us suppose that a = 0. The estimate (14. 2p yields for any A^>0,A;>2, j>A;-|-l, 

for a constant K^j > 0. If we now fix pj as pj = {2^ supjv<j{ K^j, 1 then we see 

that for any > 0, > -|- 2, j > A: -|- 1, we have qN,ik,mk^^'j) ^ 2 and (|4.4p is satisfied. 
Suppose now cr / 0. The estimate (14. 3p yields for any A^>0, /c>2, j>/c-|-l, 

(lN,h,rakWj) < K'^jipjV^ 

for a constant i^^v j ^ ^ with rj := maxjmj — cr{lj — < 0. If we now fix pj as 

Pj = {2^ sup;Y<j{ -^TV j' I })~^^ ' then we see that for any A^ > 0, A; > A^ -|- 2, ()4.4p is satisfied as 
for the case cr = 0. □ 
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4.2 Amplitudes and associated operators on ^(M",^'^) 

We shall see in this section amplitudes as generalizations of symbols of the type := 
Sa"^{M?"', L{Ez)) where z S M is fixed. For each amplitude, a continuous operator from 
S{M.^,Ez) into itself will be defined. Here the spaces L{Ez) and Ez can simply be consid- 
ered as 7V4n(C) and C". The results in this section will be important for pseudodifferential 
operators on M in the next section. 

Definition 4.10. An amplitude of order w, m and type a € [0, 1], k > 0, is a smooth function 
a E C'^{R^^, L{Ez)) such that for any 3n-multi-index u = (a, /3,7), there exists > such 
that 

for any (x,C,t9) G K^". We note U^^%'^ := u''^%''^{R^'', L{Ez)) the space of amplitudes of order 
I, w, m and type cr, k. 

Remark that ^q^'^ is independant of /, we note this space Hg'^'™. We note 11^,^^"' := 

n;,„n|;^'™. We set n^^^^ := Uz^^^^n^^'" and 11;;^ := n;,^ U^,^ n^^;7. We see that II!;^'™ • 

c7,K,i Q Iia,K,z and Ila,K\z Q i1ct,k,z tov m <m', w <w , and I < I . Thus, ^ 

is a *-algebra, which is trigraduated for a > and bigraduated for cr = 0. Note also that if 



a 



l,w,m ,1 fl(o!,0,y)„ ^ jjl-\a+(3\,w+K\a+(3\,m~\j\ 



G n!;:^:?, then 9("'^'^)a e H^' 
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Amplitudes and symbols in Sa^ are related by the following lemma: 



Lemma 4.11. (i) For any a E 11^^'™ we have a^=o •= (x, "J?) i-^ a(x, O,"!?) in S^T ■ 

(ii) For any s G 5^™; i/ie function (x, C,"!?) i-^ s(x, is in H^^oT- 

('mj For any / € t/ie function ^ /(x) Idj;^^^;^') is in n|^'o'^. 

Proof, (i) follows from the fact that d'^^a o P) = (d^^'^^a) o P where -P(x, ??) := (x, 0, i?). 

(ii) Noting Q(x, C, i9) := (x, the result follows from 5"'^'T(s o Q) = (^/3,o(5"'^s) ° Q- 

{Hi) follows from (ii) and the fact that (x, ??) ^ /(x)Id^(£;^) € 5^,'^. □ 

As the spaces of symbols, the 11^^'^^ are naturally Frechet spaces: 
Lemma 4.12. The following semi-norms on IIct^'^^.- 



4X)(")-= sup (x)"(l"+^l-')(C)~"'~"l"+^l(i?)l^l"'" a("'^'^)a(x,C,??) 
(x,c,i?)eM3" 



determine a Frechet topology on 11^^'™. The following inclusions are continous for these topolo- 
gees. iicr,K,z -'-■'■o'jKjZ !^ ^J-(t,k,z > ^J-(t,k,2; !^ ^'■a,K,,z [in ^ III , w ^ uj ana i ^ t y una 

^a^,'^" C Ila^'™. Moreover, the last inclusion is dense when 11^^',^ has the topology 0/11^,'^^"^ 
for m < m' and I < I' . 



Proof. The continuity results are straightforward. For the density result, we prove as in Lemma 
hat for any a G 11^^'™ the sequence 

ap(x, C, ^) := (p(x/p))i-^-° p{{}/p) a(x, C, ^) =: (1 - Ap(x, {})) a(x, (, ^) 



converges to a for the topology of 11^^'^'™ {M?'^ , L{E z)) where m' > m and /' > I. First note 
that the application (x, ^, t?) t—i- {p{x/p))^~^'^-° p{'&/p) Id^^^^) is an amplitude in H^^^''. Thus, 
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(ap)pgN* is a sequence in Ila,^,i" ■ We define the function Rp such that g|^^'™j(a — a^) = 
sup(x,^,^)eR3n i2p(x, C, "!?), where m' > m and /' > L For a given 3n-multi-index := (a,/3,7), we 
get with Leibniz rule, for a K > 0, 



^i?p(x,C,i9) < Ap(x,^) (x)-('"'') (^?)"' + \d''-''Ap{^,{})\ 

u'<u 

Suppose that (7 = 0. In that case, |Ap(x, -i?)] < l[p^+oo[i'^) and if z/' < z/. 

As a consequence we find Rp(xX,'d) = Op^oo{{p)^~™'' ) , as in Lemma Suppose now cr / 0. 
In that case |Ap(x, < lirp(x, i?) where Fp := M^" - _B„(0,ji) x _B„(0,p) and if i/' < v, for a 
constant > 

W'"' \{^,'^)\ < ^/3-f3' ,oKu l[sgn{a-a')p,2p]{^) l[sgn(7-7')p,2p] (^) P"''"'^''''' • 

As a consequence, we find i?p(x, -i?) = Op^ooiivY) where r := max{m — m', a{l — I')} < and 
the result follows. □ 

We shall note A^ the differential operator X^ILi • "^^^ following formula is valid for 
any -i?, C G M" and p G N, 

^^^2pg2.i(^,C> ^ (1 _ (2vr)-2A^)P e^-^'''^) =: e^-^''''^) (4.6) 



A computation shows that (1 — {2tt) ^A^)'' = X]o<|/3|<p '^p./3 ^c^' "^^ere the summation is on 
multi-indices (3 and Cp^/j := (— l)l^l(27r)^^l^l/3!. We shall also use the following useful formula 
valid for any G R", C G } and p G N, 

^2.^(^,0 ^Y^Xfs^d^^ e^-^'''^) =: e^-^'^'^) (4.7) 

m=p 

where Xp := pi{27r)-\P\i\^\ . We define 'Mf := ^,^1^^ A;3(-1)P^5^. 

Definition 4.13. We note 0/,^, where /i,/2,/3 : N^" ^ M, and / := (/i,/2,/3), the space 
of smooth functions in {M.^"" , L{Ez)) such that for any 3n-multi-index u = (a, /J, 7), there is 
Cu > such that 

Wa{^,C,n\LiE.) < a(x)/iH(0/2H(^)/3H 
uniformly in (x, (, ^9) G M'^". 

The vector space Of^z has a natural family of seminorms qi given by the best constants 
Cu in the previous estimate. With this family, ^ is a Frechet space. Obviously, amplitudes in 
IIct^'™ form an Of^z space where /i(z^) := a{l — \a+P\), f2{v) '■= w+K\a+j3\ and /3(z^) := m— 17|. 
For a given triple / := {fi,f2,h) and /o G M, we wih note /a.p.a,^ := sup^ /3(a, /3, 7) - 
/2,p,a,/3 := sup^/2(a,/3,7) - p|7| and /i,p,a,/3 := sup^ /i(q, /3, 7) - p|7|. 



n- 
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Proposition 4.14. Let T a continuous linear operator on the space S(M?"', L(Ez)), and f := 

(/ii f2, /a) a triple such that there exists p < I such that /3,p,o,o < oo. 

(i) For any function a G Of^z the following antilinear form on S{M.'^"', L{Ez)) 

{Dpr{a),u) := [ e'^''''^^^^^ Ti{a{x,C,^)T{u)*{x,C))dCd^dx 

is in 

(a) For any given u G S{M?^, L{Ez)), the linear form L^^r '■= (Dpp(a),M) is continuous on 
Of^z- particular Lu,t is continuous on any amplitude space 11^^'™. 

Proof, (i) We have Dpp(a) = I{a) o F, where /(a) is the antihnear form on 5(M^", L{Ez)): 
{I{a),u) := [ e^'''^'^'^^Tr{aix,C,^)u*{x,C))dCd^dx. 



We shah prove that I{a) E S'{R'^'^ , L{Ez)), which will give the result. Let u G SiR"^"^ , L{Ez)) 
and let us fix for now x and G M". We can check that the map i— > a(x, C, -i?) u*(x, C) is in 
S{W^ , L{Ez)). As a consequence, with (|4.5|) and integration by parts, we get with R{x,-d) := 
/k„ e2-<^'0a(x,C,T?)n*(x,C)^iC, 



R{x,^) = / e2"*<^'^>(^?)-2p(i_(2^)-2A^)Pa(x,C,??)n*(x,C)dC 

= E Y.^v,P^lW''l e2-<'''^>(a(0'^'°)a(x,C,^))(a(0-2/5-'^')n*(x,C))dC. 

0<|/3|<p /3'<2/3 -^"^ 

Thus, for any x, -i? G M"', we get by fixing p such that 2(p — l)p + /3,p,o,o < — 2n (this is possible 
since /o < 1) that for any G N, 



mx 



,n\LiE.)<C,{^)-''' [ J^Xr^'^'^^dC Yl E 9oV,o(«)'?^,(0,2/3-/5')W 



0<|/3|<p/3'<2/3 



for a Cp > 0, where := max|^/|<2p |/i(0, /5', 0)| + 1/2(0, /?', 0)|. If we now fix N such that 
—N + r-p < —An, we see, using the inequality (x, C)^^ < {x)^^ {0^^ , that there is Cpj > such 
that 

\{I{a),u)\ <Cpj Y E ^o,/3',o(«)^Af,(o,2/3-/3')(^) (4-8) 

0<|/31<p/3'<2/3 

which yields the result. 

(ii) The continuity of L^^r on Oj^^ follows directly from (j4.8p since Ltj^r(a) = (^(o), r(u)). Since 
n^^',r = O/.z for a triple / = (/i,/2,/3) such that /3,o,o,o < oo, L^^r is continous on any 
amplitude space. □ 

For any amplitude a, we will also note Dpp(a) the continous linear map from 5(M", Ez) 
into S' {W^, Ez), associated to the tempered distribution u i— > (Dpp(a),M). 

Remark 4.15. If (M, exp, i?, d/U, ■0) has a OM-bounded geometry, we saw that for any frame 
{z,b) and A G [0,1], the T\^z,b maps are topological isomorphisms on S'{M.'^"',L{Ez)). Thus, 
Lemma l4. 141 implies that for a given a G 11^^'^, we can define a family indexed by A G [0, 1] of 
operators Opi' (a) which are continous from S(M'^,Ez) into S'{W^,Ez)- 
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Remark 4.16. Suppose that (M, exp, E, d/u) has a So- bounded geometry and that ^p is a, Om- 
linearization. We deduce from (13. 4|) that if s is a symbol in 5^"^ and A G [0,1], we have 
{'>^X>\{s))z,b = i3pr^,,,(,(/"S2,b) where (z, b) is a frame, s^,b := T^,b,*{^) and /is^^t, := (x,C,?9) ^ 
At2,6(x)s^,b(x,T9) G n|; o™. We wih also note /i~^Sj;,b(x, C, ??) := /ijj,(x)s2,b(x, ??) € n|;°o^. 

We now establish a sufficient condition on T and a in order to have Dpp(a) stable (and 
continuous) on SiW^^Ez). The result will be used to establish regularity of pseudodifferential 
operators. 

Lemma 4.17. Let V he a continuous linear operator on S{^^ ,L{Ez)) of the form V = L^^ o 

o C^, where n G Om{^^'\L{E^)) (for I < i < 2), and ^ := (7ri,V') e {R^"" 
is such that -0 £ C'a/(M^'^, M") and there exist c,e,r > 0, such that for any (x, C) G M^"-, 
('0(x, (^)) > c(x)^(0~^' and for any x G M*^, t/iere is Cx > suc/i that {^p{yi, C)) > Cx(C)^ uniformly 
m C G M". 

Suppose that f = (/i,/2,/3) is smc/i i/iai t/iere exisi (pi,/02,P3) G IR'^ swc/i i/iai /93 < 1, 
{r/e)pi + p2 < 1 a^c^ /or any 2n-multi-index fi, /i,pi,^ < oo, /2,p2,M < /s.ps.m < °° ^'^'^ /'^'^ 
any n-multi-index a fs^p^^a '■= sup^ /3,p3,a,7 < oo. T/ien /or any function a G 0/,^, the operator 
Dpp(a) is continuous from 5(M", E'x) into itself. In particular, this is the case for any amplitude 

a G II^^kU • 

Proof. Let u,v £ S{W^,Ez). By definition, (Dpr(a)(t;), u) = Dpr(a)(«®^^) and T{K) = n (i^o 
$) T2. Noting a'(x, (, := Tj'(x, () a(x, (, ■&) r2*(x, C), we obtain 

(Dpr(a)(w),'u) := / e^^^^'^'^^ ( a'(x, C, v(V'(x, 0) | ""(x) ) (iC t^i?(ix 

= / (5(x)| n(x)) dx 

where g{x) := /jg2„ e^^*^'''^) a'(x, C,§) v o -(/^(x, C) dC 

A computation with the Faa di Bruno formula shows that for any 2n-multi- index v, 
any TV G N and any x G there is C^^n,v > such that Wd" {v o iP){:^X)\\e, ^ C^,nACi~^ 
uniformly in C G M". As a consequence, the map C ^ a"''°a'(x,C,i?)9"""'(u o V)(x,C) IS m 
Ez). We can thus successively integrate by parts in g((x) so that for any p G N*, 

5(x)= / e^^'^^^^H^)~'^PLl{a'{voi,)){xX,^)dQd^. 

By taking p such that {p^ — \)2p+CQ < —2n where Cq := sup„/<(;j f3,p-^,a'^ we see that the previous 
integrand is absolutely integrable, and we can permute the order of integrations dd^diD d-ddC,. 
Since all the successive ^^-derivatives of {'d)~'^^L^{a'{v oip)){x,(^,^) converges to when goes 
to infinity, we can then integrate by parts in so that for any q G'N and p > po 

5(x)= / e^^'<'''<HCr^'Llm-^Pq{a'{vo^p))){x,C,^)dCd^. 

Noting hp^q the previous integrand, we see that for any n-multi-index a, d"hp^q is a linear 
combination of terms of the form 

g27ri(il,C>^0-2g^^^-2p-|7-7'|^a',/3',7'^/^a~a',/3-/3'^ ^ ^ 
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where I7I < 2p, 7' < 7, < 2q, (3' < (5 and a' < a. A computation with the Faa di Bruno 
formula shows that for any 2n-multi-index v there is G N* such that for any > 0, there 
is Cy^N > such that for any w G and any (x, C) S K^", o ?/;)(x, C)!^^ < 

Cu,N{^,Cy"~^ iCY'^^''^'^^ J2\y'\<\y\q[N/e]+i,,y'{w). Moreover, we check that there is Ko,,p > 
such that 

L(_Ez) 

As a consequence, we get the estimate 

W'\<W\ 

or equivalently, replacing -fC^p + pi2g — A^ by —A, 

k'l<H 

Fixing now, for a given A, p such that (/>3 — l)2p + Cq, < — 2n and q such that AT^'^^ + (p2 — 1 + 
{r/e)pi)2q + {r/e)N < —2n, we obtain the result. □ 

The following lemma gives a characterization of smoothing kernels in the cases a = 
and a ^ 0. If s is in a space of symbols and F is a continuous linear map on S{M?'^, L{Ez)), we 
will note Dpp(s) := Dpp((x, C,??) 1-^ s(x, ??)). We shall use the Frechet space O ^ of smooth 
functions a in C~(]R3n^ L{Ez)) such that for any v := (^,7) G N^" x N*^ 

\\d''a{^X,^)\\L(E.) < C7^(x)'^('+^i('^))(C)^2(^)W"+-^='(^) . 

We win note O^^jz =■ ^^Js,^- Clearly, Dpr(a) (see Lemma SH]) is defined as an antilinear 
form on S{M.'^'^, L{Ez)) whenever a G O^*^ with m + /3(0) < —n. We note F the set of 
functions /2 : N^" ^ M such that there is p < 1 such that for any (a, /3) G N^" f2,p,a,p '■= 
sup^ /2(a, /3, 7) - p|7| < 00. 

Lemma 4.18. Let K G S' (M?^ ^ L{E z)) , and F a topological isomorphim on L(£'^)) of 

the form T = Lr, o R^^ o C$ with Ti,r2 G ©^(M^", GL(^^)), $ G C^(M2«,r2«). y/ien 
(^ij Case a = 0. The following are equivalent: 

(i-1) There is /s : N^" M such that for any m < — /3(0) — 2n, there exist f2^m £ 
am £ m /a z •^^'^^ ^^^^ ~ ^Pr(om)- 

("i-Sj A' G C°°(M^", L(E'2)) anrf /or any 2n -multi- index i/, A G N, i/iere is C^^at > 
such that for any (x, C) G M^"^ H^'^ATrCx, C)IL(£; ) < C^,7v(C)"^; w^/^ere ATr := o F = ?i AT o 

$?2|J(^)|. 

("i-^J There is s e S^ '^ such that K = Dpr(s)- 
(ii) Case o" > 0. The following are equivalent: 

(ii-1) There is fi, /a : N^" — > M suc/i that for any m < — /3(0) — 2n, t/iere exisi /2,m G A 
and £ m /s 2 i/iai A' = Dpp(am)- 

fii-^J T/iere is s G such that K = Dpr(s). 
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Proof, (i) The implication (i-3) ^ (i-1) is trivial. We will prove (i-1) ^ (i-2) =^ (i-3). Suppose 
(i-l). Thus, for any m < —2n — /3(0), there is f2,m € F, G O'J^^ ^ such that for any 

{Kor-\u)= [ e^''''^''^'^^TT{amix,C,^)u*{x,C))dCMdx. 

JR3n 

Since m < — 2n — /3(0), the preceding integral is absolutely convergent and we can permute the 
order of integration. As a consequence, we get {K o T-\u) = /g^n Tr ([/„,(x, C) u*{x, ()) dQ dx 
where Um{x,() '■= fj^n e^'^*^'''^^ am(x, ??) d"!?, we check easily that Um is a continous function 
on M^", so we deduce that Um ='■ U is independant of m and K o is a distribution which 
is continous function equal to U. Noting bm '■= e^'^*^*'^^ ar„(x, ^, ■!?) we see that for any 2n- 
multi-index := (a,/?), d^^^bm = e^'^'^'^'O ^i3'</3 {^){'^m^f'^'d'^'^'^^am and we have then the 
estimates 

where = sup^/<^ S^{oi, (5') + \ f3\. Defining := —2n — sup|^/|<|^| Cj^/, we see that U is smooth 
and 

di'U = [ di'bm.d^ = V (^,) {2'Kif-^'\ [ e^-^^'^'O^/^-Z^'a^'/^'-Oa^^ (x, C, ^) d^ . 

All the i?-derivatives of ?9 ^ tJ^^f^' d"'^' '^ami_,{x, C,i?) converge to zero when W-ffW — oo so we can 
we integrate by parts in -& so that for any p G N: 

Since G Oj"'' /s z f2,mi^,p^,x < oo for a < 1, we see that the integrand hp of the 
previous integral satisfies the estimate 
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Given > and fixing p such that (p^ — l)2j) + supg/<j3 /2,m^,pp,a,/3' !^ ^A^, we finally obtain 
that K o = U \s smooth and satisfies for any ^ G N^" and A^ > 0, ||9^Ar o r^^(x, C)||/^(^ ) < 

C^,Jv(C)"^- We also have for any u G Si^^"^ , L{E^)), {K,u) = {U,r{u)) = f^2n Tt(U'{x,C)u* o 
^(x,Q)dxd(^ where U'{x,Q := {x, QU {x, {x, Q . Using the change of variables provided 
by the diffeomorphism we get {K,u) = J^2nT^{K{x,y)u*{x,y)) dxdy where ^(x, y) := 
(I J($-i)|(x,y))C7' o $-i(x,y). The result follows. 

Suppose now (i-2). It is not difficult to see that J-'p sends Sq'^ (seen as a subspace of 
S'{R'^'^,L{Ez))) into S^^'^. In particular, we have s := J^p{Kt) G Sq"^ . A computation shows 
that {K, u) = (Dpr(s), for any u G ^(M^'^, L{E^)). 

(a) Suppose Following the proof of (i), we see that it is sufficient to prove that U is 

in cS(R2",L(S^)), where U{x,C) ■= j^r. e'^'''^^^^'^ am{xX,^) d'd (independant of m). Let us fix 
A^ > 0. For any 2 n- mult i- index p := (a,/3), d'^^^bm = e^'^^^'^'^^ X;/3'</3 (^') (27ri??)^-^'5"'^''°a^ 
and we have the estimates 
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where = sup^,<^ /3(a, /?') + |/3| and := sup^,<^ /i(a, /?')• Defining 

AT := min{— 2n — sup c^i^—Nja— sup d^/} 
I/^'I<1m1 Im'I<ImI 

we see that U is smooth and 

All the ??-derivatives of t9 'd^~^'d"'^''^am^ ^{x, converge to zero when \\^\\ ^ oo so we 
can we integrate by parts in so that for any p E N: 

/3'</3 



Since a^^^ € ^^^/i jCT'^ Js,^ f2,m^^N,p^,,N,>^ < oo for a p^^Ar < 1, we see that the integrand 



/ip of the previous integral satisfies the estimate 

Fixing p such that {p^^N — l)2p + sup^/<^ /2,m^ jv,p^ jv,a,/3' — '^^ finally obtain the follow- 
ing estimate ^ C'^,A^(^)~^(C)~^) which yields (i-2). The other implications are 
straightforward. □ 

Corollary 4.19. Same hypothesis. We have (for a = or a > 0), Dpp(5~2°) = ^i,m U«,,k 
Lemma 4.20. Let u £ S(R'^''', L{E,)) and [3 a n-multi-index. 

(i) For any triple f := (/i, /2, /a) such that there exists p < 1 such that for any 2n -multi- index 
(a, 7), f2,,p,a,-y < CO, the following linear forms are continuous on Of^; 



Rp^u-a^ / C^e2^^<'''^>Tr(a(x,C,??)n(x,C))dCdi?fix, 

Sp^u- {i/2TT)\^\ [ e2'^*<'''^>Tr(9^a(x,C,??)n(x,C))dCfii9dx. 



(a) Rp^u = Sf3^u on any n|;^'™ space. 

Proof, (i) The continuity of Rp^u is a direct consequence of Proposition 14.14] since Rp,u = -^^M^,id 
where up^x, () := C,^u{x, Q). Suppose that z/q is a 3n-multi-index, we note f^° := v ^ f{v + vq). 
A computation shows for any and n-multi-indices a, 7, /g'^ /3,p,a+ao,7+7o +Pl/^o|- Thus if 
there is p < 1 such that for any 2n-multi-index (a, 7), /s,^,^,^ < 00, then for any 2n-multi-index 
(a, 7), f^°pa'y < 00. If a G Of^z then d'^°a £ O/^o.z and the linear map a 1— > d'^"a is continuous. 
As a consequence, since S/^^u = -^m.h ° Dp, where Dj^ := {i/2Ti)^d^, the continuity of Sp^u on 
Of^z follows from Proposition 14.14] 

{ii) The equality is easily obtained on Iia^,'z" by an integration by parts in 'd and permutations 
of the order of integration dQd'Q — > d'ddQ in Rp^uio) (authorized for a G Ila'^,'z")- The result now 
follows from {i) and the density result of Lemma 14.121 □ 
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If > 1 and /?, 7, n-multi-indices, we note for any amplitude a G 11^^'™, the smooth 
function ap^^^N as a/3^-y^Ar(x, C, i?) := /o^(l — t)^(9*-'^'^''^^a)(x, i^, ??) dt. It is straightforward to 
check that the hnear map a 1— > ap^y^N is continuous from 11^^'™ into n^J^^''"''''''''^''™ 

The following lemma shows that A-quantization of amplitudes and symbols yields the 
same operators. This result of "reduction" of amplitudes to symbols will be important for 
Theorem 14.301 and thus, for a A-invariant definition of pseudodifferential operators. 

Lemma 4.21. (i) For any a G U^^^'^^, {d'>''^'f^a)^=o G ^H/3|,™-|/3| 

any n -multi- index (3. 

(a) Let r be as in Lemma \4-18 and let a G 11^^'™. Then for any symbol s G Sa^ such that 
s ~ Yli3 ^^^^/j/^ (tj°'^'^a)i;=o, there is r £ S~f such that Dpr(«) = i'Pr('S + r). In particular 
there exists an unique symbol s{a) G Sa^ such that Dpp(a) = Dpp(s(a)). Moreover, we have 

(Hi) Suppose that (M,exp, E,dfj,) has a S^-bounded geometry and ip is a O m -linearization. 
Let a G 11^^'™, A G [0, 1] and (z, b) be given a frame. Then there exists an unique sym- 
bol sx{a) G Sa"^ such that Opj-^ ^ ^{a) = {Opx{s\{a))z^b. Moreover, we have Tz^b,*{s\{a)) ~ 

Proof, (i) is a direct consequence of Lemma 14.111 (i). 

iii) Using a Taylor expansion of a at = 0, we find that for any u G 5(M^", ^(i?^)), N G N*, 
(Dpr(a), = Eo<|/3|<7V + E|/3|=7V+i ^^H^n where 



Ip:= / C^e^-'^'^'^^Tr (^(a(°'^'°)a)^=o(x,??)r(u)*(x,C))dCdi?t^x, 
Rp,n:= I C^e2-^<'^'^>Tr(a^,o,7v(x,C,^)r(^.)*(x,C))(iCd^?dx. 
We get from Lemma 14.201 [ii) , 

g2.^(^,C> Tr ((lZ|i^(a(°'^'/^)a)^=o(x,^)r(n)*(x,C))dCd^dx. 



Let s G be a symbol such that s ~ ^^^^ffl'' {d^'^'^a)c_=a- Then noting sn := s — 

^m<N ^^^^(5°'^'^a)c=o e we find with Lemmai^QK^^) that Dpr(a-s) = 

Dpr(?'Ar) where 

|/3|=Ar+l 

We check that G ni-^i^^^"'^''"'^'™ where wn = \w\ + k(A^ + 1). Corollary 14. 191 applied to 

Dpp(a — s) now implies that there is r G S~'^ such that Dpp(a) = Dpp(s + r). As a consequence, 

there exists s{a) G S'^.T such that Dpp(a) = (Dpp(s(a)). The unicity is a direct consequence of 
the fact that Dpr = L* o JT* on ^'(M^", L(-E;^)). 

(iiz) Direct consequence of (ii) and that fact that {Opx{s))z,b = ^Pr;^ ^ (, (/^2,ti'Sz,fa)- D 
4.3 S'^-linearizations 

In order to have a full symbol-operator isomorphism, a polynomial control at infinity on the 
linearization is not enough. As we shall see, a stronger, "amplitude-like" control on the 
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maps and a local equivalent of the P^^^ parallel transport linear isomorphisms (see Remark 13. 3p 
appears to be crucial for pseudodifferential calculus on (M, exp, E) and the A-invariance (see 
Theorem |130|). 

We define H'^^^{<t) (resp. £'^^((£)), where w G M, a G [0,1] and k > 0, as the space 
of smooth functions g from M^" into such that for any 2n- multi-index there exists Ci, > 

such that for any (x,C) G M^", ^'^^(x, C)|| < C^(x)-'^(l'^l-i) (C)"'+'"(l''l"^) (if / 0) (resp. 
||a^ff(x,C)|| < C,(x)-l'^l(C)"'+''l''l). We note H^,^{<B) := U^eR^^.(^), ^a(e) := U«>oi/a,«(e), 
EaA^) = U^eR^^^((£) and -B^((£) = Uk>oK,k(<£)- Remark that by Leibniz rule, E„^^{R) and 
-Ko-,k(-A4p(IK)) are M-algebras (graduated by the parameter w) while -E'(t,k,2 := Ea-^K{L{Ez)) is a C- 
algebra (under pointwise matricial product). Thus, if P G Ec^^fi{M.p(R)), then detP G ii^o-,K(K)- 
Note also that / G i/o-,K(^) if and only if for any i G { 1, • • • , 2n}, dif G -Eo-,k(^)- In particular, 
/ G i/CT^K(lR^) if and only if df := (x, ^) i— > {df)x,( is in £^o-,K(-A^p,2n(IK)). As a consequence, if 
/ G -f^(T,«;(IR^")) its Jacobian determinant J{g) is in ii^o-,K(IK)- Note that any function in ^{(B) 
is bounded and if / G ^{(B) then there is C > such that ||/(x, < C{x,() for any 
(x, C) G M^"". The following lemma will give us the behaviour of the E^ ^ and Hfj spaces under 
composition. 

Lemma 4.22. (i) Let f G i?^l((S) (resp. E^'^{(£)) and g G ^^^^(M^") such that there exists 
C,c > 0, r > 0, such that (gi(x,C)) > c(x)(C)-^ (if a / 0) and (52(x,C)) < C{C) for any 
(x,C)GM2n, where g=:{gi,g2). Tften / o 5 g Fi^W:J^^^(e:) (resp. eI^'J^^^^_^^^{<^) ) . 
(ii) IfPe i^-,(A^„(M)), then (x, C) ^ Px,c(C) G ^^r+^I^")- 

(^iiij Let / G G(j(M"', (£) anrf 51 G //^^(R") sitc/i i/iat t/iere exists c > 0, r > 0, stic/i t/iat, i/ 
^7 / 0, (g(x,C)) > c(x)(C)-'^ /or any (x, C) G M^n. T/ien / 05 G H^^i^^^ra,K}+\M^^^- Moreover, 
zff(^ G.(MMRf), i/^en d/ o 5 G <^,.|,.,.}+|^|(-Mp,n(IR)). 

Proof, (i) The Faa di Bruno formula yields for any 2n-multi-index 7^ 0, 

'9'^(/°5)= (^V)o5P.,a(5) (4.9) 

1<|A|<|!^| 

where Pi,^\{g) is a linear combination (with coefficients independant of / and g) of functions 
of the form \Yj=i{d^^ g)^^ where s G { 1, • • • , }. The y and V are 2n-multi-indices (for 

1 < j < s) such that \y\ > 0, |P| > 0, ^-^ = A and Ylj=i l^'^l^-' = z^- As a consequence, 
since 5 G H^^{M?'^), we see that for each z/, A with 1 < |A| < [i^l there exists C^^x > such that 
for any (x, C) G R", 

\Pu,x{g){^X)\ < a,A(x)-'^(l'^l-l^l)(C)"'l^l+"(l'^l-l^l^ (4.10) 

Moreover, since / G if^^(R2") (resp. £;^'^(R2")), there is > such that for any (x, C) G R^", 

the estimate ||(a^/) o ^(x, C)|| < C';(x)-'^(l^l-i)(C)l"'''+(''+'^'')(l^l-^) (resp. || (5^/) o ^(x, C)|| < 
(-./^^x^-(T|A|^0h'|+(K+r^)tA|^) -g ^gj^^ deduce then from and (fiTO]) that fog belongs to 

(ii) We note P^'^ the matrix entries of P^^(. Each component (/*)i<i<n of the map / := (x, 1— > 
-fx,c(C) is of the form /* = X]j=i^*'''0- It is straightforward to check that the applications 
(x, C) ^ satify for any u G N^", d^Q = C'((C)^~l'''(x)'^(i-l''l)). The result now follows from an 
application of the Leibniz rule. 
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{in) Following the proof of (i), (j4.10p is still valid, this time with A as n- multi-indices and 
1/ as 2n-multi-indices with 1 < |A| < Using the fact that {g{x,Q) > c(x)((^)~'" for any 
(x, C) G R^", we obtain the following estimate 

which, with ()4.10p and ()4.9p . yields fog belongs to -f^l'^axIro-Kj+lu;!^^)' "^^^ ^^'^^ df o g is 
in £^°max{r<7,«;}+|«,|(-^P=«W) '^'^^^ / ^ G^(M",MP) is based on the same argument. □ 
The i^(7,K and -Eq-.k spaces are related to the symbol and amplitude spaces by the following 

lemma. 

Lemma 4.23. (i) If f e E^^^^„ then (x,C,??) ^ /(x,C) is in U^^'X:^ ■ 

(a) Let s G , m G i7^^(M") such that there exist C,c,r > such that, if a 0, for any 
(x,C) G M2", c{x){Cy < (m(x,C)) < C(x)(C)^ and P G E^^iMnO^)) such that such that for 

any (x,C,^) G M^", (Px,cW) > c{^)- Then (x,C,^?) ^ s(m(x, C), Px,c W) ^n n;;;;|^|;';:_^^^|^^. 
(Hi) If s ^ S'ct(M"'), m. G i/^^(M") sitc/i t/ioi, if cr ^ 0, there exists c, r > smc/i i/iai /or any 
(x,C) G M^- (m(x,C)) > c(x)(C)-^ i/ien (x,C,t?) ^ s(m(x, C)) Idi(^^) zn n°'°'°|^^,_^^^|^^. 
(^iwj If a £ n^^'™ and P G -E^ ^(7W„(]R)) is suc/i t/iat suc/i that there is c > such that for any 
(x,C,i9) G M3", (Px,cW> > c(i9), i/ien ap : (x,C,??) ^ a(x,C,Px,cW) e ^t^'!?- 
Proof, (i) is straightforward. 

(ii) Let us note g{x,(,'&) ■= {n^i^X)^ Px,c {"&))■ For any z,j G {!,••• ,n}, we note P^'^ the (i,j) 

matrix entry of Px,(- Since P G i?^ ,,(A^n(I^))) we have P.*'."' G -E^ ,,(M). Faa di Bruno formula 
in Theorem 12.111 yields for any u ^ 

d''isog)= Yl (PuAg)) {d^s)og (4.11) 

l<\\\<\u\ 

where Pu,\{g) is a linear combination of terms of the form 11^=1 (^'^ 5')'^^ ; where 1 < s < the 

(resp. P) are 2n-multi-indices (resp. 3n-multi-indices) with \k^\ > 0, |P| > 0, X]j=i ^"^ = 
and X;^^-^ |A;^|P = i/. Let us note P =: (P'^, P'^, P'^), /c^' =: {y'\k^^^) where P'\P'^,P'^,k^^\k^'^ 
are n-multi-indices. We have, noting (5(x, := (x, C), 



i=l i=l k=l 



and we get, for a given s, (P), (A:-') such that (5 g) ^ for all 1 < j < s, 

if |p.3| ^ 1 ^ ^.-,1 ^ = o((x)-'^i'^n^^i+-i'^^i(c)'^i''ii'='i-'^i''i) . 

The case is |P'^| > 1 is excluded since y and {d^^ g)^^ ^ 0. By permutation on the j 
indices, we can suppose as in the proof of Lemma 12.131 that for 1 < j < ji — 1, we have V'"^ = 
and for ji < j < s, we have |/-'''^| = 1, where 1 < ji < s + 1. Thus, we get 



Hid^'gf =0{{x 
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We check that ^fj^^ {k^'^l = \X^\ - \j\ and Ei=i(K^'l - = W\ - \M where A = (A^, A^) and 

u = (q,/3, 7). As a consequence, 

Pu,x{g) = 0((x)-(l"+'3|-l^'l)(C)"'l^'l+'^(l"+^l-l^'l)(^?)l^'l"l^l) . (4.12) 

Since there exist C, c > such that for any (x, C) G M^" (m(x, C)) < C{x.){(y and (m(x, C)) > 
c(x)(0~'', we see that there is > such that for any 1 < |A| < and any (x, (^) G M^", 
(m(x,C))'^'^'"l-^'l) < i^j,(x)'^('~l^'l)(C)'^'"l^l+'^''l^'l. As a consequence, we see that there is C,, > 
such that for any 1 < |A| < and any (x, (",■(?) G 



(a^s) o 5(x,C,i9) < C7^(x)"('-l^'l)(C)""l'l+""l^'IW"'"'^''- 

SO, since we can reduce the sum in (I4.1ip to 2n-multi-indices A such that |A^| > I7I (and thus 
|A^| < |a + /?|), we obtain the result from (|4.12|) and a straightforward verification of the case 
u = 0. 

(Hi) is obtain exactly as {ii) (with Px,c = Id), since (x, C) 1-^ fiz,b{^)^'iL{Ez) ^ Sa',z- The 
hypothesis m(x, C) = C'((x)(C)^) is not necessary since / = here. 

(iv) We have, noting g{xX,^) ■= (x, C) -Px,c(^))) for any 3n-multi-indices / 0, 1 < {u'l < \i>\, 
Puy{g) as a linear combination of terms of the form 11^=1 (^'^ ff) '^^ ' with X^j=i = u and 

"^j^ik^ = , noting y = {k^'^ ,k^''^),V = (l^'^,!^'"^), where k^'^ and P'^ are 2?T,-multi-indices, we 
get, following the proof of (ii), 

P^^,l^g) = c)((x)~''(l"+'^l-l"'+'^'l)(C)''^'"+^'"'"'+^''\t?)''^''"''^'). 

Since Px,c = and (Px,c(i?)) > e{"&) we get the result. □ 

Definition 4.24. Let a G [0,1] and ip a linearization on {M,exp, E,dfi). We say that is a 
^o-linearization if for any frame {z, b), there is K^^b ^ such that 

(i) G i?a,K,_,(M") with V^(x,C) = 0{{x){Cy) for a r > 1 and G ©^/(M^",!^") , 

(ii) there is P^''' G C°°{R'^"',GLniR)) such that P^'^ and (P^'^)-i are in ^^(7Wn(M)), and 
for any (x, C) G M^", Px";^''(C) = T^;^(x, C) and P^;^ = U^n. 

{in) tI'^ and (rf''')"^ are in E°^^^^^{L{E^)). 

We shall say that the combo (M, exp, E, dfi, ip) has a S'cr-bounded geometry if this is the case of 
{M,exp, E,dfi) and ^ is a Scr-linearization. 

It is clear that a S'o--linearization is also a OM-hnearization. Moreover, we can check, in 
case of 5*0- bounded geometry, we check the properties (i), (ii) and (iii) in just one frame: 

Lemma 4.25. If (M , exp , E , dfi) has a Sa-bounded geometry and ip is a linearization such that 

there exists {zo,bo), Kzo,bo ^ 0? such that the functions V'^p satisfy (i), (ii) and (iii), then 
ip is a S a -linearization. 

Proof. This follows from applications of Lemma 14.221 □ 

Remark 4.26. The condition (ii) in Definition 14.241 encodes an abstract parallel transport iso- 
morphisms in normal coordinates. Indeed, in the case where the linearization if) is derived 
from a connection on M, the GL„(M)-valued smooth functions on M^": P^'^ := (x, ^) 1— > 
^2,expo(n'' y)-i(x,C)^("z T)~'(x.C)(^z,(n|)-Hx)) whevB the applications P^,? are the parallel trans- 
port isomorphisms on the tangent bundle (see Remark 13. 3p . satisfy for any (xX) G M?^, 
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P^'^^iC) = T^;y(x,C) and P^^'o = IdRn. Thus, in this case, (ii) is satisfied if P^''' and 
are in pO (A^n(M)) for a > 0. 

Remark that for any t G M and (x, C) G M^", if P^''' G C~(M2", GLn(M)) satisfies 
(ii), then P^^;t^^(C) = T^^;r(x,C)- We shall note P^'^ := (x, C) ^ P^^;^^^, so that P^'^ = P^''' and 
Pq'*" = IdiRn. Thus, Tt^z,b{'^X) = {'^zi'^^^O^ Ptx(;(0) and we define the following diffeomorphism 
on R3", 

H,,,,, := (x,C,T?) ^ (Ti,,,i,(x,C),P,^;'^W) . (4.13) 

We also define the R^^-valued function Ht,^,,, : (x,C,??) ^ (V'^^Cx, tC), ^j^i^J^?))- We check that 
J{Et,z,b) = J{Tt,z,b) (det(Pi^''')-i) and J(H-]^) = J(T_t,,,b) (det(P,^'''oT_t,,,(,)). Note also that 

for any (x,y) G M^n^ ^(y^^) ^ ,(%(x,y)). 

x-V-z (x,y) 

Lemma 4.27. Let {z,b) be a given frame, A, A' G [0,1] and t G [—1,1]. Suppose also that 
{M,exp, E,dfj,,tlj) has a Sa-bounded geometry. Then 

(i) P/'^ (P,^'")-! are m P" and are ^n P^ ^^^^ (L(P,)). 

(^iij ?7if''' := V'z ° -^i,t £ -f^CT.K^ e (^") ^^'^ ^/lere is c > 0, r > 1 sitc/i t/iai /or any (x, C) G M^", 

K'''(x,c))>c(x)(c)-^ 

fm; r/iere is c,e > suc/i that j or any (x, C) G R^", (^^(x,C)) > c(C)^(x)-^ 
r^^^J ^'A,^,b e i?a,Kz,i,(IR^")- particular Jx,z,b e Pa,K.,(, W- 

fuj Tj^^^l, G ffo-.K^ I, (IK^")- particular J(Tt z,b) ^ -E-o-.k^ b (^)- Moreover, there is C > such 
that ((T,^;^)(x, C))' < C(C) for any (x, C) G R^". 
(vi) J{Et^z^i,) and J{E^j^^,) are in P^^^^^ j,(R). 

Proof, (i) The case t = is obvious. Suppose t / 0. Since Pj^''' = P^''' o ^ and /i^f G Pct,k^ t, 
the result follows from Lemma 14.221 (i). The same argument is applied to {P^'^)~^, t^'^ and 

(ii) We shall use the shorthand rrit := m^' . In the case t = 0, m-o = vri, so we obtain the 
result. Suppose t 7^ 0. In that case Lemma [4.221 (i) entails that mt G Pq-.k^ i, Since 
T"t,z,b = ("it,T^y), we see that {Tt^z,b{^-,C)) = 0{{^){CY) for a r > 1. Thus, there is C > 
such that for any (x, () G R^", we have (mf(x, C))(Pt,x,c(C))'' > (^(x, C)- Since there is PT > 
such that for any (x, (^) G R^", {Pt'-^^^iC)) ^ ^{Cli 'we obtain the desired estimate. 

(iii) y := (tti, ■0^) is a diffeomorphism on R^" with inverse = (vri, ^/^|). Since ij)^ = 0((x, y)**) 
for a r > 1 by hypothesis, we see that there is c > such that (x, -(/^^(x, C)) > c(x, C) for any 
(x,C) G R2". This yields the result. 

{iv) Direct consequence of {ii) and the fact that ^\^z,b = [nT-x^^x-i)- 

(v) follows from a straithforward application of (ii), Lemma 14.221 (ii) and the fact that for any 
(x,C) G R2", Tt,,,t,(x,C) = {mt{x,C),Pttc(0)- 

(vi) By (i), (v) and and Lemma [325] (i), P/"'' o T_t,^,b G £^°,K(-^n(IR))- Thus the result 
follows from (i), (t>), and the formulas J{Et^z,b) = '^(Tt,2,[,) (det(Pj^''')~^) and J{E'i~l^) = 
J{T^t,z,b){det{Pt'''oT.t,z,b)). " □ 
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4.4 Pseudodifferential operators 

Assumption 4.28. We suppose in this section and until section\M that (M, exp, d/i, ^/j) has 
a Sa -bounded geometry. 

Definition 4.29. A pseudodifferential operator of order m and type a is an element of ^^^^"^ := 
DpxiSb""), where A e [0,1]. 

By Lemma 14.71 S^"^ can be seen as included in S'(T*M, L{E)), so Dp;,(5^") is well 
defined. The following theorem shows that it does not depend on A, and thus justify the 

, ,T,l,Tn TXT , A. A' / z,b\ — i 'v- z,b j A, A' / z,b \ — i z,b ^z,b 

notation y/^ . We note := (r^ ) o I A'-A,2,fa t'a' ^^o. := \Ty_^) t^L^ ° -"^a'-A- 

If ^ = exp, we have t'^^ = tr^x'-x and t^'^ = (tl^x'-x)^^ where r^^t ■= Tt'^ if t 7^ 1 and 

TL,t ■■= (tIi)'^ o Ti^^^t, if t = 1, and TR^t ■= n'^ if t / -1 and tr^i ■= (n''')""^ ° '^-i,z,b if t = -1- 

Theorem 4.30. Let A, A' G [0, 1] and K = Dp;^(a), with a G S^^. Then there exists (an unique) 
a' G S'ct™ such that K = Opy{a'). Moreover, for any frame [z, b), 

where a^^b •= ^2,b,*(o), b ■~ ^z,ti.*(^')> ^^'^ ^t '' amplitude defined for any t G [—1, 1] as 

Proof. Let us fix a frame (z, b) and note Oz^b ■= ^z,b,*(o)- We saw in Remark 14.161 that 
Dpx{a)z^b = i^Pr^ 2 b (^^^.b))- Thus, for any u G 5(M x M,L{E)), we have with u^ t, := 

{K,u) = [ e2-<'''f)Tr(/.a,,b(x,i?)(rA,,,i,Kt,)(x,C))*) dCd^dx. 

Suppose that m < —2n so that the integral is absolutely convergent. We now proceed to the 
global change of variables provided by the diffeomorphism ^x'^_x of i'^t,z,b is defined at 
(ITO]) ). We get {K,u) = (Dpv^^^i,(/ir^'^'a^',^_^r^'^'), u^,b). We check with Lemmas [323 and 
that T^' '^a'-a'^'r' i^ amplitude in Ha^K^ for a k > and a G M. We also see that the 
linear map az,b ^ I^^l^ '^x'^-x'^r^ i^ continuous on 5^™, which yields, using Proposition 14.141 
(ii) and the density result of Lemma HT6l the equality {K, u) = (Opy ^ f,{fj.T^'^ '^x'^-x'^R^ )> ^z,fa)) 
for any order m of the symbol a. The result now follows from Lemma 14.211 (Hi). □ 

Proposition 4.31. For each A G [0, 1] and /,m G M, ax is a linear isomophism from xj/^™ onto 
Sa"^ and ax{A^) = (ai^xi^))* for any A G ^'a'". In particular a pseudodifferential A operator 
is formally self adjoint (i.e A = A^ as operators on S) if and only if its Weyl symbol aw (A) is 
selfadjoint (as a L{E) — > T*M section). 

Proof. The fact that ax is a linear isomophism from onto S^"^ is a consequence The- 

orem I4.3UI and the fact that ax is a topological isomorphism from S'{M x M,L{E)) onto 
S'{T*M,L{E)). We check that for any T G S'{T*M,L{E)), DpxiT^ = Op^^xiT*) which 
is a direct consequence of the fact that ^xix, —0 = J ° ^i-x{^, where j{x, y) = {y, x). □ 
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Proposition 4.32. Any operator in 4'^'" is regular. Moreover, for any A £ and v G S, 

we have 

Proof. Let A S xj/^™- and a := ao{A). Thus, for any frame {z, b), A^^b = ^Pfq ^ t,{l^(^z,b) so by 
Lemmas 14.171 H^271 (ii) and {iii), A^^b is continuous from S(M'^,Ez) into itself. By Proposition 
14.311 is a pseudo differential operator in ^ct™, so we also obtain {A'^)z^b continuous from 
5(M",S^) into itself. The result follows. ' □ 

4.5 Link with standard pseudodifferential calculus on and L^-continuity 

We suppose in this section that E is the scalar bundle. If ^ G ^'o-, then A^^b belongs to the 
space, noted ^'o-,^, of regular operators B on 5(M"'), of the form 

B{v){x)= [ e'^'''^-^'^'^a{x,^)v{i;l{x,-C))dCd^ 

where a G S^{M?^). We study in this section a sufficient condition on tf;, such that this space 
^rr,ip is in fact equal to the usual algebra ^a,std pseudodifferential operators on M" with the 
standard linearization ip{x, = x + (^. Here ^o^std corresponds to the Hormander calculus [22] 
on M" and "^i^std is the 5G-calculus on R". 

We will note i; := K(C) := -V'(x, -() + x, M,,^ := [fi dj(y-^yitC)dt],j and 
-^x,c := [Jq djV^{tC)dt]ij. We consider the following hypothesis, noted {Hy): 

(i) there is e,6,r] > such that for any (x, C) G M^" with ||C|| < e(x)'^'', we have detMx,^ > 6 
and det A'x,^ > S, 

(ii) the functions (c?K)x,c (^K"^)x,C ^-re in £'°(A^„(]R)). 
Proposition 4.33. If the hypothesis {Hy) holds, we have ^a.ip = ^a,std- 

We set Xe,r,(x, C) := K J\^L^ ) where b G C^(R, [0, 1]) is such that & = on M\] - 1, 1[ 
and 6 = 1 on [-1/4,1/4]. 

Lemma 4.34. Suppose (Hy). If a £ Sa"^{M.'^'"'), then the application 

a^,M : (x,C,^?) ^ Xed^X)a{^A,C^)\J{y^\Q (detM,,^)"' 
is an amplitude in yJk,w ^[^^'^(R^"). Similarly, 

a^,N : (x,C,T?) ^X.,^(x,C)a(x,iV,,^i?)|J(K)|(C) (detiY,,^)"! 
^n U,.n!;-;r(R=^"). 

Proof. The result follows from Lemma 14.231 (ii) and applications of Proposition 15. 4[ □ 

Proof of Proposition \4-!^^ Suppose that a G S'ct™(R^") and define A as the operator in ^'fj,i/) 
with normal symbol a. We obtain for any v G 5(M^") 

JIR2n 
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We suppose first that o € S^°°{M?^). We have after a change of variable, and cutting the 
integral in two parts A(v)(x) = Ai{v){x) + A2{v){x) where 

A,{v){x) = [ e2-<'''^^-c(«>x.,,(x,C)a(x,^?)|J(K-i)|(C)t;(x-C)dCd^?, 

In Ai, we permute the integrations dC and di? and proceed to a change of the variable while 
in A2 we integrate by parts in -d using formula (j4.7p so that for any p £N, 

As a consequence with Lemma 231 and with the density of S'-°°(M2") in ^^/"'(M^"), we see 
that A is the sum of two pseudodifferential operators in 'i>a,std- A = A^ + R where R £ ^"^^ 
and A^ has (standard) amplitude. The implication in the other sense is similar. □ 

Remark 4.35. In the case of pseudodifferential operator with local compact control over the x 
variable and with ^ coming from a connection, by cutting-off in the (^-variable or in other words 
taking y := ip{x, — (") and x sufficiently close to each other, we have in fact ^a,tp equal to ^'o-,sW 
modulo smoothing elements (see [41]). 

As a consequence, we see that if the hypothesis (Hy) is satisfied for a frame (z, b), then 
^o-,V'(= ^o-,std) is stable under composition of operators and the symbol composition formula is 
then given by a quadruple asympotic summation modulo smoothing symbols. 

We will show in the next section that we can also obtain stability under composition 
directly, without using a reduction to the standard calculus on M". We shall obtain with this 
method a simpler symbol composition formula on ^a,ip^ analog to the usual one on ^a,std- 

As a direct consequence of the previous proposition, we have the following L'^-continuity 
result for pseudodifferential operators on M. 

Proposition 4.36. // (Hy) is satisfied for the function V^^ in a frame (z, b), then any pseu- 
dodifferential operators on M of order (0,0) extends as a bounded operator on L'^ {M , dfi) . 

Proof. Since (Hy) are satisfied for V~^, the proof of the previous proposition entails that C 

^CTstd' result follows from the L^-continuity of standard pseudodifferential operators 

[2I. □ 

4.6 Composition of pseudodifferential operators 

The goal of this section is to prove that pseudodifferential operators of are stable under 
composition without using the hypothesis of the previous section, and to obtain an adapated 
symbol composition formula. We shall adapt to our situation a technique used for Fourier 
integral operators in Coriasco [TT] , Ruzhansky and Sugimoto [36^ [38] . 

Let us note for {x,0 G TM and C' G T ^M), V'x,?,^' := r^iC.O ■= i^xHi^x,^,^) 

and qx{S,,S,') '■= 4'^'^ X^^x^)- We define Vx the 2n dimensional smooth manifold as Vx ■= 
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{(^,^0 G T^iM) X Uy^MTy{M) I ^' G r^-«(M)}. Each manifold is difFeomorphic to M^n 
via the map, defined for any fixed frame {z,b), vi(^'^') i-^z,x{0^ ^''^ ^-ii^'))^ ^^'^ ^ 
canonical involutive diffeomorphism defined as 

In all the following we fix a frame {z, b), and note also the function m^'p We note x^'^ := 
V'(^(x,C),C')- For each x G M", := n^y o o {n^ )-i is a dif- 

(x) V V ^ ! („0)-l(x) 

feomorphism on M^", and we define R^ =■ {rx,qx), r = r^'^ '■= (x, CiC) fxiCiC) ^.nd 
q = q^'^ := (x,C,C') ^ fe(C,C')- Remark that r^{CC) = -V|(x,xC'C') =: o ^^^(^)(C') 
and ^xCCjC) = ~-^-i'v(xC) C'^^'^' '^^^ ^^'^ ' ^' ^x(C)C') is a diffeomorphism on M" such 
that r-J = r^4c),?v>(x.c) W '° i^r^^Oc'^ = (f^'^Vx(C),V;^(..c)(x))-x.c(C')- We will use the shorthand 
T := (rjj ^ 

Wc note s(x, C, C') := r{x, (, (') - (. We have s(x, (, (') = Sx,c(C') where Sx,c = ^-C ° '^^x ° 
is a diffeomorphism on M" such that Sx,(;(0) — 0- Wc also define 

9^x,c(C') :=rx,c(CO-C-(dr-x,c)o(0 
so that <^x,c(0) = and (<i</'x,c)o = 0, and 

F(x,C,C') := (drx,c)c' 

as a smooth function from M^" into A^„(R). We shall note (x, i— Lx,^ := — *(drx,^)o- 

Wc define C'i:,K"£i;',£i,c(<£), where c eN, I eR, w:= {wo,wi) G M^^, e ;= (eo,ei), eo > 0, 
£1 > 0, £7 G [0, 1] and «; > 0, as the space of smooth functions g from M^"- into ^ such that for 
any 3n-multi-index u = (/x, 7) G N^" x N", there exists Cj, > such that for any (x, (') G M^", 
||5^5(x,C,C')|| < C^(x)'^('-l/^l-^iW=)(C)"'o+«l''l+^oW(C')"''"^'''''l- Here, we noted \j\c := if I7I < c 
and |7|c := I7I — c if I7I > c. We note Ocr.K,e{^) '■= '<-^c,i,wC^a^,e,c{^) ■ We check that for any multi- 
indices 7,7' and c,c' G N, |7|c + |7'|c > It + VIc+c', and |7 + 7'|c > l7lc + IVIc- Thus, Oa,K^£{R), 
^a,K,e{-M.p{M.)) and Oa,K,s,z '■= Oa,K,s{L{Ez)) are algebras (graduated by the parameters c, I, 
«;o'and ^1) and d'^ O^^r^'^A^) ^ oi7H;^il^l--o+«l'^l+^ol^l'-i+«IH(g). if / ^ then 
(x,C) ^ /(x,C,0) G and if / G 0'^:"^,e,c,z, then (x,C,^?) ^ /(x,C,0) G n^:^°i°. Remark 

that any monomial of the form {■k,(,(^') t-^ C,'^ where /? G W', is in CJ^'^'^'^iCl^) for any k > 
and £0 > 0, £1 > 0. 

In the definition of S'^ bounded geometry, we only require a polynomial control over 
the il)^ functions. It appears that for the theorem of composition, a stronger control over these 
functions is important. We thus introduce the following: 

Definition 4.37. We shall say that (C^) is satisfied if there is a frame (2;, b), G 
with Ky > 1, and g]0, 1[, such that 

V G O°;°';,;,,^,o(-^n W) > and (#,^,Jo (#',x)y = ^(l) • (4-14) 

In particular (Cq-) entails that {dr^^c,)^ and thus L are in (A^„(R)). 

We note TV§°k^\ (€) (£1 > 0) as the space of smooth functions g such that for any nonzero 
u = (^,7) G X N", d^'g = C)((x)'^(i-l^l-^il'>l)(C)"'°+''(l^l~^)(C')""'^''^''''~^^)- It follows from 
that r G U^„,^,7^~^/2(1K")• 

The following lemma will give us the link between the the O, TZ, H, E spaces and the 
behaviour under composition. 
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Lemma 4.38. (i) Let f € H^^^{^) (resp. E'^^^{<E)) and g £ 7^^°«',e^ (M^") such that 52(x,C,C') = 
Oi{0'HCT'')fora{k2,k'^)eRl and, ifa^O, {g,{x, (,('))> c{x){0-''HC)-'''' , for a ih,k[) E 

and c > 0. Then, f o g e TZa°K^J',lT'"^~^'''^'" i^) (resp. oI'I'^^^J^^'^^ q{<B)) where kh := k + 
max{ l^o + kid + /c2k|, \wi + k[a + feg^l } and ke ■= k + max{ \wo + kia + (^2 — l^i + ^'i^r + 

(ii) (x,C,C') ^ (V'(x,C),C') G K!.'lii^'n (x,C,C') ^ xC'C' G 7^,,,^,l /or a G M^. 

(m) The functions q, (x, C, C') ^ (-f'-iiv(x,C),f'''""^ '^'^^ (x, C, C) ^ det(Pf'^''^^^^^^j_^,)-^ are res^^ec- 
iz?;e/y m 7^,,,,,l(]R"), 0°;°'°«,,i,o(-Mn(M)), and 0°;°'°«,,i,o(IR), for a Kg > 0. Moreover, there 
exists C > such that for any (x,C,C') G K^", lkx(C,C')ll < C{C). 
(iv) (x,C,C') ^ -r(x^'^',gx(C,C')) C'J^f.K^iA^ a > 0. 

Proof, (i) If z/ = (a,/3,7) / is a 3n-multi-index, we have f o g = Yli<\u'\<\u\ Pvy{g){d'^' f) ° 

g, with Ppy{g) a hnear combination of terms of the form 11^=1 ("^'^ 5) '^^ > with 1 < s < 

^^PjA:-'! = V, X^i ~ ^' • ^ consequence, we get the foUowing estimate for any 1 < 

\y\ < Puyig) = C)((x)'^(I'^'I-I'^I-^iItI)(C)'"«I'''I+''(I''I~I^'I)(C')'"''''''^''^''''~'''''^)- Moreover, for 
any 1 < \u'\ < |z/|, there is Cj^ > such that for any (x, C) E M'^", the fohowing estimate is 

vahd {d"' f) o g(x,C,C') < C;,(x)-'^(l'''l-i)(C)(''i'^+^2't)(k'hi)+te«'^^/^(fcia+fc^K)(k'hi)+fc2«' (resp. 
{d'^'f) o g{x,C,C) < Cj.(x)-'^l'^'l(C)('=i''+'=2'")l'''l+^2«'^^')(fcia+fe^«)|i.'|+fc>)^ The result follows. 

{ii) By hypothesis, tp G Ha^^- We deduce that (x, C,C') ^ V'(x, C) G ^^^'''1 ^^^^ ^^^^^ 



i,^{x,C),C' 



statement now follows from (x, ^ C' G ^ctk i- '^^^ second statement follows from (i). 



(iiz) Since ^x(C)C') = ~-P-ixi}(^c) C,'^'^'^^ ^^^^ thai E 7^o-,Kg,i(IR"') for a Kg > is a con- 
sequence of (i), (ii) and Lemma [4.221 {Hi). We also have by {i) and (ii), ''^^ ^ 

(iu) Since r G ^{L{Ez)) for a k > 0, the result follows (i), (ii), (iii) and the estimate 
(x^'^') > c{x){C)-''[C)-^ for c. A; > 0. □ 

Lemma 4.39. Suppose (C^). T/ien 

s,^e 0°;°:";,,„,i(K") and G 0;::f;:J:,2(IK") ^^/^ere := u;, + 1 and := 2 + + k,. 

(ii) V = ((irx,(^)^' and {dr^^t^)^,^ are bounded on M^". 

(iii) The function J {R) : (x, C, C') ^ J{Rx){CX') is inU^^ujo,wi,6o,eiOl'^°J^^^^^Q{R) and (x, C, C') ^ 
r(x,rx(C,C')) «n 0°;°'°,^,,^/2,o,. V > 0. 

Proof (i) We have Sx,c(C') = EtiQ Jo dc'r^M') dt. Since F E 0°;°':^,;^o(A^„(M)) each func- 
tion (x, C, C) ^ 9c;rx,c(tC') dt is in <'°':,;,o(IK") and thus, since (x, C, C) ^ C G 
we see that s G ©^"'^^^^^^(M"). We have also (^x,c(C') = E|/3|=2 |t(C')^ /o (1 " 5?^x,c(tC') 
and each function (x, C, C') ^ /o^l - t) ^^'^x.cl^C') is in 0~ll'';j^'^^' {R""). With (x, C, C) ^ 
(O^ G Oj°i„,2W, we get V. G 

(ii) Direct consequence of (Co-) and the following equalities for any {xX,C') G M^", {dr-,^^(^)(^i = 
(c?V'x)xC.c'((^V'V'x{C))c' and (drx,c)^/^ = (^V'v>x(C))xC .c' (# x)r,.c(C')- 

(iii) The first statement follows from Lemma 14.381 (ii). The second statement follows from 
Lemma|138](i) and the estimate rx(C, CO = C'((C>(C')"'")- □ 
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We shall use a generalization to four variables of the 11^^'™ spaces of amplitude. We 
define Il'-^'%°e'i!^^"' (0 < ei < 1) as the space of smooth functions a £ C°°{R^'' , L{E,)) such that 
for any 4n-multi-index {u,S) G N^" x N", (with u = (/i,7) G N^" x N") there is C,y^s > such 
that for any (x, C, C, ^) e 1^^", 

These spaces have natural Prechet topologies and form a graded topological algebra under point- 
wise composition. 

Lemma 4.40. (i) If a e Ila^°k^^z"^, then a^'=o : (x, C,^?) ^ C)0, ??) is in Il^r^'%°f^ . 



{^^) If he O™.0,.' (x,C,C',^) - Mx,C,C') ^s ^n K:r...{.,e,U,,.- 

E SctT; the apph 



{Hi) There is k=, A;i > such that for any b G , the application 5 o H, where H(x, -i?) := 



Proof, (i) and (ii) are direct. 

(Hi) If /i = (i^, 5) / is a 4n-multi-index, we have d^{b o H) = X]i<|^/|<|^| P^,fi'i'^) {d^ 6) o H 
with P^^^i(^) a linear combination of terms of the form \Yj^i{d^^ 'r.)^\ with 1 < s < \^\, V = 
G N^" X N", fc^' = (/cJ'\A:J'2) g N" x N", such that Z^-^ = for 1 < j < ji < s, and 
V\ki\ = /X, A;^' = ^' . We have 

n n n 

i=l 1=1 k=l 

where P'''^ are the matrix entries of —P^'^^^^^^^,. By Lemma 14.381 (ii) and {Hi), x^'''' G 

7^^°^'J_\(M") and the P^''^ are in 0°;°'° ^.^ ^ o(M) for a (k^,u;o,^^i) e K+- We obtain thus the 
following estimate 

\p^y{E){x,cx',^)\ < (:7^(x)"'^(i'^i-i"'i)(c)'""i"'i+''^(i''i"i"'i^(CT''°''^''*^''''"'"''^W''^''"'^ 

with fi' =: {a' ,(3'). Since h G S'ct™ we also have the estimate 

oH(x,c,c') < c;,(x^''^y('-i°'i)(^9)"^-i^'i 

so the result follows now from the estimate (x?'fy(^-l"'l) = C)((x)'^('-l"'l)((C)(C'))''''''''"^''''''"''), 
with kh := + max{ |tt;o + cr/ci — |if;i + aki — }. □ 

Lemma 4.41. iei s G C°°(M^,M"). Then for any p + n-multi-index v = {a, 0) ^ Q, we have 

d^^ e*<'''"W> = P^(x, ??) e^<'^''^W> 

where P^ is of the form X]|^|<|q,| ^9'^ T'i/,7(x), and Tj^^^ is a linear combination of terms of the 

form \Yj=i{d^^ s)^^ where 1 < m < \u\, (P) are p-multi-indices and (fi^) are n-multi-indices. 

Moreover, they satisfy > 0, Xljli Ia*"'! — ItI + l^j=i ~ l*-*^! ^'^^ l/^l ~ then 

\P\ > and \ j\ > 0. 
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Proof. We note g{x,-d) := s(x)). By Theorem 12.111 we get the following equality for any 
/ 0, 9^,5 e^^'^'^W) = P^(x,??)e*<'''^W> where P^(x,7?) = Ei<k<H P-^Ad) and P^,^ is a linear 
combination of terms of the form YVjLii^''^ d)^^ such that \P\ > 0, A;-' > 0, YIT ~ ^ and 
= V. If we suppose that the term \Yj=i{d^^ g)^^ is non-zero, then \V\ < 1 and if we 
define ji such that for any 1 < j < ji, P''^ = 0, we obtain, noting P = 

m ii m 

j=i j=i j=ji+i 

il rn 

|7J|=fci,l<j<ji j=l j=ji+l 

Thus, we have P^^k = Yl\'y\=k-\i3\^'^ '^'^,'y,k{^) where Tiy^^^f^ is a linear combination of terms of 
the form Yi'jLii'^^^'^ ^)^^ YYJLji+i^'^^^'^ ^'^^^''^ ^ where l<qj<n, l<j<m< I < ji < m, 
P'l G NP, y £ W, G N" are such that = Ei' l^^ ll^^'^l + E"+i '^^ l^^'^ + 1| = and 

Eji+i ~ l"^!' '^'^^ result follows. □ 
Lemma 4.42. Suppose that (Ca) is satisfied. Then 

(i) Representing by u the letter s or ip, for any 3n-multi-index v = (fi,^) S N^" x N", we 
have the equality a^^^^^g^^^^^'^-.c^"^')) = (E|c.|<|a.| ^''^i',^,u(x, C, C')) e^''*^'''"^'^ ^^'^^ where each term 



particular, it satisfies the following estimate valid for any (x, (, (') G M , and any n-multi-index 
P, 

|5^,r^,<^,,(x,c,C')l < C7^,^,p(x)-'^(i^i+^"i^ii"+^i)(C)''"''''+^"''''(C')"''''^^^'^''"^''''^''''^ , 

\d^'T^ ui ifii^, C) C')l ^ Cjyi^ p(x)^'^^''^'"'"^'^"/^'*''''''(C)^"''^^'''''''''"''^'^^"''''(CO*"'^'^''''^'^'^^ • 

For any n-multi-index f3, we have d'^^,e^'''^^^^^'dC)) = P^^^(x, C, C', i9)e^'''^''''^'''^^^'^^ where 
-P/3,¥'(x, C) C) is « linear combination of terms of the form i9'^C''^tt^.A(x, Ci CO where cu and X 
are n-multi-indices satifying < (2|w| — < |A| < \uj\, and t^^\ are functions in 

O (IR). In particular they are estimated by 

Va(x,C,C') = 0((x)— ''l'3|/2(^)2...l/3|(^')<l/3|) 

where < := + 2k,. Moreo?;er, (x,C,i9) ^ P/j,^(x, C, 0, li(s^) G n~l:g/''"''l^'''^l/'. 
("iii; // /? E N" an(i / e n^;;i';'^7,V™ i/ien i/ie function 

fp,^ : (x,C,^) ^ 5f,(e2-<''''^-c(^')>aO'0'0'^/(x,C,C',ix,cW))^,=o 

belongs to ^f^^'f I'^l/^^ where e'l := min{ ei/2, e,/2 } > 0, ki := max{Kt,,K}, K2 := 
K -\- \ey — k\, and the application f fp^^ is continuous. 

Proof, (i) By Lemma 14.41 1, if 7^ 0, we have the following equality, valid for any (x, CCO't?) G 
a^^^^^e2^^<'^'"-.c(C')> = (E|..|<|;.|^?^r;^,o.,u(x,C,C'))e^"^'''"=''^^^'^^ where r^,^,u is a linear com- 
bination of terms of the form Hjlil^x c^)'^^ with 1 < m < /j,^ / 0, X^Jli |/^-'| = + 7I 
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and EililM^'ll'^'l = l/^l- Since by Lemma 1139] (i), s G Ol'°^^^^^^^^^^{R''), it is straightforward 
to check that T,,^,, G O^Lltll^^r"'''"'''' (^)- Moreover, since ^ G 0;::f;:,::2(M"), we get 
T,^^ G o-IH-^.l-+7k.|-+7l+-.lMl,«'^k+7l+«.|Ml(jj^)_ The first estimate is direct and the second 
estimate fohows from the inequahty |w + 7I + |/o|2|li;+7| > |p|/2- 

(ii) By Lemma 14.41^ if /3 7^ 0, we have for any {x, ( , , {}) G M'^", the following relation 
g^;^g2^i(tf,^,,ac')> = (^^^|^|^|^|^c.2.^^^^^(x^^^^/))g27r*(tf,^,,c(C')> where T^,<^,^ is a linear combina- 
tion of terms of the form niLi(^'Vx,c)^' with 1 < m < /x^' / 0, P / 0, ^Jl^ l^u-'l = 
|cj| and X^^i l/^-'l^-'l = |/?|- Let us reorder the P indices so that for any 1 < j < ji, 
|P| = 1 and for any j > ji + 1, \V\ > 1, where ji G {0, •••m}. Thus HJLil^'Vx.c)''' = 
njLi(c^'^ Vx,c)^^ Y\j>ji+i{^^^ '^^,C,Y^ with a Taylor expansion at order 1 of ^'■'(/Jx.c ™- C around 
when 1 < j < ji, we get 5'Vx,c = T.i<i<n C'i''^i,j "^^^^^ ^tj = /o^ 5^?^'Vx,c(*C')'^*- Thus, using 
the fact that if G C^K^'ei, we see that JljLilf^'^'/'x.c)'^^ is a linear combination of terms 

of the form C'^^Vx where |A| = XljLi l and 

As a consequence, we see that njli(^'^V'x,c)'^^ is a linear combination of terms of the form 
C'^Wx where |A| = J2f=i Im^I and 

Wx = C)((x)~'^^"(l^l~'')(C)^^"''^'(C')"'"'^') 

where f := Yl^=ji+i ~ l"-^! ~ I'^l- The first statement now follows from the inequality 
2v<\P\-\\\. 

Since (/?x,c(0) = and ((i93x,c)o = 0, P/3^^(x, ^, 0, i?) is a linear combination of terms of 
the form 117=1 C, 0))'^' with 1 < |a;| < |/3|/2, 1 < m < fi^ / 0, |P| > 2, 

X^jLiI/"''! = 1*^1 and X]7=i l/^"'!!^"'! ~ check with Lemma [4.391 (i) that any function 

of the form n7=i(5°'°''V(x, C, C'))''' is in 0^;^;'^ '^f^ijf W, and thus, (x,C,??) ^ 
n7=i(9°'°''V(x,C,0))''^U(^,) G n;X'5/^'^"l^l'°.'"since (x,C,^) - G ul'^^lT we 

obtain (x,C,^?) ^ P^,^(x,C,0,^9) U(s^) G n-;J5''^''l^l'l''l/^ 
(mz) We have 

= E G^,)^/3',^(x,C,0,^)9°'°'^-^''^/(x,C,0,Lx,c(^?)). 

/3'</3 

Since (x, C) ^ ix,c ^ (-^n(IR)) and L^^J = 0(1), we deduce from Lemma OOl (i) and 
Lemma [4.231 (if) that (x, C,??) ^ 9'^''^''^~^''^/(x, C, 0, -Lx,^(i?)) belongs to the amplitude space 

^l-e^\f3-P'\,wo+.\(3-P'\,m-m_ ^^^^j^ ^^j^^^^ ^^^^ .... ^ 

We now introduce two parametrized cut-off functions that will be used later. Let h G 
C~(M, [0, 1]) such that 6 = 1 on [-1/4, 1/4] and 6 = on M\] - 1, 1[. We define for e, 5, 772 > 
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with £,5 < 1, 

Lemma 4.43. The cut-off functions Xe o,nd X5,-q o^i"^ repectively in the spaces C°^(M^" , [0, 1]) 
and {M.^'', [0,1]) and satisfy: 

(i) For any (x, C, C') G K'", if IIC'II < i<5(x)-''i (C)-''^ then X5,^(x,C,C') = 1, and if \\('\\ > 
6{x.)'^^^ {O'"^^ , then X5,ti{'^, C X') = 0- In particular, for any (x, C) G M^", X5,»y(x, C)0) = 1 and 
for any 3n-multi-index / 0, (9'^x<5,r;)(x, CiO) = 0. 

{ii) For any {'&,^') G M^n^ ||^/||' < i^^^^^ ^/^g^ Xeli?,^?') = 1, a^^^^ > t/ien 

Xe(i?, 1?') = 0. In particular, for any £ R", Xei'^^O) = 1 and for any 2n-multi-index v ^ 0, 
(5-Xe)(^?,0) =0. 

{iii) For any 3n-muti-index v = (a, (3,^), we have d'^xs,rj{x,CX') = 0((x)~l°l (C)~^(C')^''^')' 
and d''x5,vi^, CO = C'((x)-<^l''l(C)("^+''2/»yi)|/3|+fe/»7i)|7l(^')('?r'-i)l7l+V'l/3|). /n particular, the 
function X5,ri is in O^'^^^ ^, ^ q(M) for a k'^ > 0. 

{iv) For any 2n-muti-index V , d''xe{^,'&') = 0{{^)-\''\) and d''xe{'&,^') = ©((t?')"'''')- 

Proof, (i) and (ii) are straightforward. For any u ^ 0, d^X5,'q = Yli<v><\u\Pi'yi9)i'^^'^) ° 9 

II A||2 

where ^(x, C, := ^2^-^^!jg-V^i ^^^-1^.72 • We obtain from a direct computation the estimate Pvy{g) = 
Q^l^.^y2ariiv'-\a\^Q\^2ri2u'-mi^(^i^2u'-\^\y gjj^^g ^^^y y ^ have ^^'ft = 0(1) we obtain 

d^X5,r] = C((x)^'"'(C)~^(C') '^'l-Di) where is the set of triples (x,C,C') satifying the inequal- 
ities 5/2 < (C')(^) '^''^ (C)''^ ^ V^- The estimates of {Hi) follow. The proof of (iv) is similar. □ 

We will use in the following lemma the space O^^'^^''' (i^ > 0, j G N, (to)*i) G ^+) 
of functions / G C°°(M*",C) such that for any a G N*^, there is Cq, > such that for any 

(x,C,C',i?) e IR^", |5c'-^(x,C,C',i9)| < Ca(C)*°+'"l"l(C')*'+'''"'W"^-''- Clearly, C 

Qto+t'g,ti+t[,j+j' QaQto,ti,j ^ Qto+K\a\,ti+K\a\,j 

Lemma 4.44. . Defining h{x,C, (',-&) := (l + ||*(c?Sx,c)c'(^)||^ " (V2vr)(??, (Asx,^)(C')» tf^e 
/iat;e i/ie following relation, valid for any (x, C, -i?) G M^", p G N, 

where L/^i := 1 — (27r)"^A^/. Moreover, if (Co-) holds, there is kl > such that for any p G N, 
i/iere is Np G N*, {h^)i<k<Np functions in o2p«L,2p«i,p^ 

i<fc<Afp n-multi-indices satisfying 

< 2p, such that (Lf/ /i)p = ^f^^ /i^ 

Proof. We obtain L^/e^'^^^'^'^^-c^^')^ = (l//i)e2'^*^'''*'''';(^')^ through a direct computation. Let us 
show the remaining statement by induction on p. Note that by Lemma [4.39l (ii). we have \ l/h\ > 
c('!?)2 for a c > and we check that G liafn^^ylz where w[; = max{ 2wv,Wy + k„ }. With a 
reccurence or using Proposition 15.41 we check that h G Ok^'^ where kl '■= max{ 2e„,tt;(, + k^}- 
The property is obviously true for p = 0. Suppose now that the property is true for p > 0, so that 
(L^,h)P = EkliK^C''" with Np G N*, ihl)i<k<N, functions in o^f^'^P'^^'P and iP''ni<k<N, 
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n-multi-indices satisfying \j3^''P\ < 2p. We also have 

Np Np 

k=l k=l 
n 

i=l 

SO the property holds for p + 1. □ 

We note Sr^^d^^^ , L{Ez)) the space of smooth functions / such that for any G N* and 
u = (/i,7) G X N'", 9^/(x,C,t9) = C'((x)-'^^(C)^«+^i^+'=2l''l(t?)"^). It follows from Lemma 
lilHl that if / G L{E^)), then Dpr(/) e Opr(5-f ). Here and thereafter T satisfies the 

hypothesis of Lemma I4.18[ 

Lemma 4.45. Assume that (Co-) holds. 

(i) For any l,wo,wi,m,Hi, S'm,u,i (n^^^^^'^^^V'"') C Sa^cO^^"^ , L{Ez)) for a triple c := (co,ci,C2) and 
the linear map Sm,wi ■ f Sm,wi{f) is continuous, where 



■'m,w\ \ 



if) : (x,C,^) ^ / e2-(<''''^'>+<'''^-c(^')>)*M^^"'-'^\/)(x,C,C^^?0(l-X^,,)(x,C,Od^?'d^^ 



p2n 



and Pm,wi ■= max{ m + 2n, [\wi\] + 1 + 2n} . 

(a) For any u G S(M?^, L{Ez)), the linear application f {DpY^ Sm,wi{f),u) is continuous. 

Proof. We fix G N*. First note that Sm,wi{f) is well-defined since for any (x, (^) G I 

there is C,,^ > such that \\'M^r""''^' if){x,C,C' - Xs,rj)i^,C,C')\\ < Cx,c(^'>~'"(C'>~'"- 

Since for any n-multi-index 6, 3^, 'M^,™'"'^ (/) decrease to zero with we can successively 
integrate by parts with (|4.7|) . which is valid since 1 — X5,r] assures that ||C'|| > on the domain 
of integration. We obtain thus for any g G N*, 



We note fq the integrand of the previous integral, li u = (a, (3,^) = (/U,7) is a 3n-multi-index, 
we see with Lemma 14.41 1 that 

ii'<fi H<\^J.'\ 

\S\=Pm,w+q 

By Lemma 14.431 {Hi), (x, C', -i?') i-^ X5,ri{'^,CX')'^L{E^) is in n|^'^/'''i j,' multiplication 

operator / /(I — X(5,j?) is continuous from Il''(f^K,k^^z"^ into n^^^'^^j^'™, where = max{ k, k'^ }. 
Since ||C'|| > S/2 in the support of /(I — XS,ri)i we get from Lemma 14.421 (i) the following 
estimates, where k'^ := + Wg + Kr^, 
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If /c G N*, and if we set q := such that wi + n'^k — Pm,wi — Qk 1^ —2n, we see by applying the 
theorem of derivation under the integral sign that Sm,w{f) is smooth and for any 3n-multi-index 
V = {a,f3,'y) and q £ N*, after integrations by parts in , with v' := (/u',7), 

I 777/1 -^K^" 

i^P™,»,+9H+9,C'^^^-,/ ^^^^ _ ^^^^^^ _ 

We note g,{^,C,C,^') := e2-<''''^')T,/,^,,(x, C, C')*<r'"'^''''^'-''''^'C,r' (/(I " Xs,,))- Using now 
Lemma |4.44^ we get the estimates for any p gN, 

Np 

||(L^//i)%(x,c,C',^')|| < Cp(cr^"MC>'^"M^)-'^E||C59(x,C,C',^')| • 

A:=l 

Thus, with Lemma 14.421 (i), we obtain with ki := Wg + + K-r^ + kl, 
||(L^//i)%(x,C,C',??')|| < c;(x)'^l'l(0'"'+^^^+''''^'''"^™'"i"^i''l"'^W"^^ 

|/3|<2pA''<M |5|=p„,„i+g|^|+g 

where D := { (x,C,C') e 1^^" I IIC'II > ^5{x)'''^^ {C)'"^^ }. If we now fix p such that -A^ - 2 < 
—2p+ \fj.\ < —N, we see that by taking q such that Ag < —N/rji — \l\/rii where Aq := wi + (2p + 
\i'\)ki — Pm,wi ~ Q\iy\ — q + 2n, and 2p + m — pm,wi ~ Q\u\ ~Q ^ —2n, we can successively integrate 
by parts in [p times) using the formula of Lemma [4.441 We obtain then the estimate for given 
constants co,ci,C2 > 0, 

lia^5„,^,(/)(x,c,^?)|| < a,^(x)-'^^(c)'=°+^i^+'=^'^'(^)-^ 

E E ^ E %^rp:s^f{^-x5,v)) 

|/3|<2p M'<M \5\=p^^^^+q\^^+q 

which yields the result. 

[ii) This statement follows from {{) and Lemma 14.141 iii). □ 

Lemma 4.46. Suppose (Co-). 

(i) Defining for any f G fl^i^K^'^lz"^ , 

n(/) : (x, C, ^) ^ / e2-«''''f'>+<''''^-c«')))/(x, C, C', ^' + ^x,c(^)) X5,,(x, C, C) < 'i^' , 

i/iere is (5, r/, sitc/i that for any N > \m\, we have n(/) = 11^^(7) + Tln^Nif) where njv(/) = 
^0<\I3\<N fp^'P ^^'^ there is such that HR^Nif) satisfies the estimates for any 3n-multi- 

index i7 = {fi,-f) £ N^" x N", 

where e'i,ko,ki > 0. 

(ii) We have for any 3n-multi-index u = (/u,7) G N^" x N", 

d^Uif) = 0((x)'^'(C)'=o+'=il'^l+"''l^l(i9)'") 

where kQ,k[ > 0. In particular, for any u G S{^'^ ,L{Ez)), the linear application f ^ 
(Dprn(/),u) is continuous. 
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Proof, (i) We proceed to a Taylor expansion of f{x,(,C'j^\^) '■= /(x, CjC';"^' + -^x,c(^)) ii^ ^' 
around zero at order G N*, so that 

n(/)= E wMf)+ E ^R(^Mf)=--^N{f) + iin,N{f) 

0<\f^\<N \I3\=N+1 

where 

/,(/) = / ^'^e2-«^'.C')+<'''^x,c(C')»a0.o,o,/5^(^^ ^^_^(^)) rf^/ ^ 



and r^,^j := /^(l - t)^aO.O.O'/5/^(x, C, C, i^' + ix,c(^?)) dt, := fxs,, G n!;^^','^^'"^. By Integra- 
tion by parts in (' in the integrals //?(/), we get 

0<|/3|<A^ 0<\f3\<N 
Using integration by parts in we obtain Rp^Nj = {i / 2-11)^^^ I j , where for any p E N, 

Ifi^X,^) := [ e2-<'^''^'>5f,G(x,C,C',^',^)dC'd^?', 

G(x, C, C, ^) := e2-<''''^>=.c(^'))r^,^j(x, C, C', ^) ■ 

Using integration by parts in (' and e^'^*^'^''^'^ = {■d')~'^PL^,e'^^^^'^' we check that is smooth 
on M^" and if i/ is a 3n-multi-index, we see that d'^Ij is a linear combination of terms of the 
form 

where \u;\ < \fi'\, i^' < v , P'^ = /3, \f3\ = N + 1. We now cut the integral Jj in two parts 

+ Ji-x^ where the cut-off function Xs{^t'&') appears in J^. 
Analysis of 

Using Lemma 14.421 (ii) and integration by parts in (^', we see that is a linear combi- 
nation of terms of the form 



where p G N, \p\ < 2p, \uj\ < {2\uj\ - < |A| < \uj\, X' <\ + p. We now fix e such that 

e < c/2 where c is a constant such that c{'d) < (Lx,f('!?)). Thus, in the domain of integration 
of Jx,u)i we have for any t e [0, 1], (t??' -|- Lx,^ > ci('i?) for a ci > 0. As a consequence, we 
obtain the following estimate: 

d^''€7c^d^'rp,Nj < C(x)'^('-"il^'l)(C)(""+'^'')l'^"^'l+"'"+"''l^'l 

^^/^u)i+K^(|/^-^t'| + |/3»|)^^y^t-/x'|+m-|/3|-|A'| _ 

We also deduce from Lemma 14.421 the estimate 
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As a consequence, by taking p sufficiently big, the integrand j(x, (, (,', of J^^^j satisfies the 
estimate, for a e'^^ > and a /ci > 0, 

where is the set of {"d,^') in M^" such that ||??'|| < £{'d). We deduce finally that for any 



Analysis of J 



i-x 



We set u := {(',-&') + (??, v3x,c(C'))- By Lemma 1139] (i), we have %(/?x,c(C') 



< 



C(x) (C)'^i (C')^^) for C) cii C2 > 0. The presence of xs,^ in the integrand of Ji-x allows to use 



the estimate (C') < V25{xy'i^ (C)"''', so that ^. 



5c'(/'x,c(C') < C 2^2/2 by taking rji < ejc2 



and r}2> Ci/c2- As a consequence, we obtain the following estimate in the domain of integration 

of Ji_^, 

|Vf/u;|2 > ||i?'f (1- f C2'=2/2 5C2), 

We now fix 5 such that | C 2^=2/2 < 1 go that there is > such that |V^/cj| > A; Noting 
U(^' := (27ri|V(;/a;|2)-i Ei(^C,"^)'5c' ^^^^ (^ee for instance [38j) f/^^/e^'^*'^ = e^™ and 

where P^ j. is a linear combination of terms of the form {V (^'Uj)'"d^^ uj ■ ■ ■ d^l uj, with |7r| = 2r, 
1 5* I > and X]j=i l'^''! + |p| = 2r. We thus obtain after integration by parts in , for any r G N*, 
that Ji-y- is a linear combination of integrals of the form 

where < \(3^\. We noted P^2^^ =: ^25,/32,</p^'^- By Lemma [02] (n), we see that 

Pq,P^^ G 0r.:'Se!;2[/;if Let us note f := 5^^>.MD,^^b,/32,^- Lemma [02] (i) yields 

f G for a constant cq > 0. With our choice of the 

parameters rji and r/2, we also have the following estimate, valid in the domain of integration of 

In particular, noting Or™ the space of smooth functions / such that for any n-multi-indices A, 7, 
d^,dlf = 0[{{Q){C')y+'^-\'i\{'d')'^), we see that |V^.cu|2 G 0°^ , and for any A G N", d^,\V 

= 0{{'d')-^''). Moreover, each term is in O^f'^'' so that finally, for any A G N*" 

We easily check that if r > 2n, then h := (^Uc^'Yid^, Td'^'^'^^d^, r/3^Arj)(l — Xe) satisfies 
the estimates for any g G N, < Cx,f,f',.^,q('!?')~^"- As a consequence, we can permute the 
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integration dQ'd'd' — > d^'dC,' and successively integrate by parts in so that finally Ji-x is a 
linear combination of terms of the form 

where Yli = \M ^ ^(7, = />, |p| < r. We also have the following estimate for Cq, c'^ > 0, 

With Lemma [4.431 iiv) we now see that the integrand j' of the previous integral is estimated by 

for constants /cq, /ci, A;2, /C3 > 0. If we now fix r > 2n such that —r + |/i| + A'" + 1 + 2n = 
m + — (iV + 1) + n, and (7 such that —2q + /cq + fciA^ + + A:3|z^| < — 2n we finally obtain 
the estimate v £ N^", 

The result follows now from this estimate and the one obtained for J^. 

(m) The estimate is obtained by applying [{) and + 1 = max{ 2(n + |/i|), \m\ }. The second 
statement is then a consequence of Lemma 14.141 [ii). □ 

Theorem 4.47. If {Co-) holds, is a *-subalgebra o/3?(5). Moreover, if A £ xj/^'™' and 
S G ^'ct™, then AB G ,m+m with the following asymptotic expansion of the normal symbol 
of AB, in a frame {z, b): 

where a := (To{A)z^b, b := ao{B)z^b> C/3 := (i/27r)'^l//3! and 

A(x, C, C', := Tx,.,,aC') ^ ° ^(^' C, C, T.c.c',g,,,(c') C, C) I det(P!',^^^(^^^)^^,)-^| . 

Proof. We fix a frame {z, b). We note Kab the kernel of the operator AB. As a consequence 
of Proposition HT32] we have for any u,v G 5(M",£'z), {{KAB)z,b,u ^v) = [Az^b{lJ'~^ Bz,b{v))\uj . 
We shall note g := A computation shows that for any x G M", ^(x) = 

^a(x, ??) 6(x, 1?) di?, and 

We suppose at first that b G Sa^'^"'. Since C' ^ f (x'''''') G 5(]R"', E^), we can permute the order 
integration dQ'd-d' ^ d'Q' dQ' in b{x,-d). Thus, after integrations by parts in -d' , we get for any 

p G N*, 

JIR2n Jjjn 
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< 



With the estimate (x^'^') > c(C)(x) ^{C) ^ for a c > 0, we see that for any e N, w(x^'^') 
cnQo,n{v){'^)^ iC')'^ {C)~'^ ■ As a consequence, we get the following estimates for the inte- 
grands bp of 6(x,'!?): for any x,C, any p e W and any N € N*, \\bp{-x,C,C','&,'^')\\ < 
Cp,Ar(C')^"^^(x)''l'l+^(C)'^'''"^(^?')"^"- Taking N such that a\l\ - N < -2n and then taking p 
such that N — 2p < —2n, we see that C', C) bp{ic, (, (' , ??) is absolutely integrable and we 
can thus apply the following change of variable (C)C')^') (-Rx(C; CO; "^O to 6(x, -i?). After re- 
versing the integration by parts in -d' and applying the change of variable = — -Pf']''^(x ^'(''^")) 
we get 



By Lemma [4.401 (ii) and (iii), Lemma [4.381 (iii) and (iv) and Lemma [4.391 (in), we see that G 
'n.a%\'el',z^ for a (tuj, «;) G and ei > 0, and the linear application b ^ fb is continuous on any 
symbol space 5^™ into H^^'e'^Ji™. We have ^(x) = e'^'^'''''''^'^ fJ'a{:>i,i}) Cb{:si,C,'d)v{ip{x,() dC d'& 
and {{KAB)z,b,u'^v) = (Dprj,^^ (, (dfo), where (ife(x, C, -i?) := /ia(x, ??) Cfc(x, C, "!?) r-i(x, C) and 



Using now the cut-off function (x, (, (') i-^ X5,»y(x, C) C) we see that 

cb(x, c, ^) = n(/b)(x, c, + (/fe)(x, c, i9) . 

For this equality, we used the formula of Lemma 14.71 and integration by parts and in in the 
integral /ig2„ e2^^«'''*-.c(f'))+<''''f'))/b(x, C, C', - X5,r,{^, C, O) d'&' dC, which are authorized 
since b G 5^',!'" by hypothesis. In f^,^ e2-^«'''^-c«'))+<''''^'»/6(x, C, C, ^')X5,r,(x, C, C) d^?' , we 
translated the variable by — Lx,^('!9) and permuted the order of integration d-d' dQ' dC,' dd' , 
which is legal since b G S^^'^"' and (' i— > x(x, C) C) is of compact support. We deduce from Lemma 
14.451 (ii) and Lemma [4.461 (ii) that b i— > (Opp^^ ^ {dh)-,u ® v) is continuous on 5o-',T, and thus, by 
the density result of Lemma we have the equality {{KAB)z,b-, u®v) = (i^Pro ^ {db),u v) 
even when the hypothesis b G Sa~z'^^ does not hold. 

Let us recall the linear map s : a ^ s{a) given in Lemma [4.211 (ii) (for T = TQ^z,b) which 
is such that Cpro,,,;, (/) = ^Pro,z,b(«(/)) foi^ any / G n^^;^. We define /a,fe,/3 := /ua(/b)^,^r-\ 
Tat := i^allfi^N {fb)T~^ , sq := fJ-aSm.wiifb)''"'^ ■ We now consider a symbol Sa^j, such that 

E(i/27r)l'3| /. \ 
ffl S{fa,b,l3) ■ 

Such a symbol exists since by Lemma [4.421 (iii). s{fa,b,i3) G •S'a^' eil/3|,»Ti+m |/3|/2^ Lemma 
14.461 we have for any iV > |m|, uat := s[fj,allN[Jb)T ) — Sa,b ^ '-'o-,^ 

Thus, noting := Dpr^^ .(sq), which is in Dpr,,^ , (5*;;^ ) by Lemma|135l Rn := ^^Pro,,,;, (^Jv) 
and Un ■= ^Ptq ^ (, (^n) we have 

(i^AB)^,b = ^Pro,,,, (db) = Opr, ^ ^ (s(/ian7v(/fe)r-i)) + Rn + So 

= Opr,,,^ ^ (sa,fe) + Un + Rn + So. 

Lemma [4. 181 and Lemma [4.461 (i) now implies that the kernel + Rn (which independant of 
N) is in Opr^j ^ (.("S"^?^)- As a consequence, {KAB)z,b = ^Pfq ^ bC'^a.b + ^) where r G 5*"^ and 
the symbol product asymptotic formula is entailed by Lemma [4.211 (ii). □ 
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5 Examples 



In order to be able to apply the previous results about the pseudodifFerential and symbolic 
calculi on some concrete cases, we shall see in this section examples of exponential manifolds 
and associated linearizations that satisfy the hypothesis ^o-bounded geometry. The Euclidean 
space seen as exponential manifold, has its own exponential map ip := exp(x,i^) i-^ x + as 
a S'l-linearization, leading to the usual pseudodifferential SG calculus (if cr = 1) or standard (if 
(7 = 0) pseudodifferential calulus on M". However, we can define other kinds of linearization, 
leading to new kind of pseudodifferential and symbol calculi, with a non-bilinear linearization 
map. We will see in particular that we can construct on the flat R"-, a family of 5'o--linearizations 
that generalize the case of the flat euclidian geometry, and we obtain a extension of the normal 
(A = 0) and antinormal (A = 1) quantization on M". 

We will also prove that the 2-dimensional hyperbolic space, which is a Cartan-Hadamard 
manifold (and thus an exponential Riemannian manifold) has 5i-bounded geometry. This allows 
to define a global Fourier transform, Schwartz spaces 5(EI), S(T*M), S{TM), B{M.) and the space 
of symbols 5;'"'(T*]H). As a consequence, we can define in an intrinsic way a global complete 
pseudodifferential calculus on H, if one chose a fixed 5(j-linearization ^p on TM. There are many 
possible linearizations, for instance one can take i/j such that in a frame {z, b) i/j^ is the standard 
linearization a; + ^ of M". 

5.1 A family of Scr-linearizations on the euclidean space 

Recall that G^(M") (0 < a < 1) is defined as the subgroup of diffeomorphisms s on M" such 
that for any n-multi-index a ^ 0, there are Cq,, > 0, such that for any x G M", ||9"s(x)|| < 
C„(x)'^(i-I°l) and ||9°s-i(x)|| < C^(x)<^(i-I"l) . G^(M") contains GL„(R) and the translations 
:= w V + w. 

We fix rj G]0, f[ such that for any matrix A E A^„(M) such that \\A\\-^ < r], we have 
det(I„ + A) > ^, where := maxjj- Taking now h G Go(M",M") such that for any 

1 < hj < n, {djh^l < r]/lQ, and g{x) := h{x) — h{0) — dhQ{x) we see that s := Id +5 is a 
diffeomorphism on M" which belongs to Gq (M"), satisfying s(0) = and dsQ = Id. 
We set, for a £ [0, 1], 

ij{x, e) := X + e + {xrg{^) = x + {xrs{^). 
We obtain the following 

Proposition 5.1. (M",+,dA,^) has a Sa-bounded geometry and satisfies (Co-) (see Definition 

Proof. A computation shows that ^ G H(j{W^) and '(/'(x, C) = 0((x)(^)). We have tp{x,y) = 
(xys^^i^), and thus V^G C'm(M2", R"). Noting g := g o {g + Id)-^ o - Id G Go(R"), we also 
have 

Ti,T(x,e) = c + i^rgij^) + mx,or9{{Hx,o)-^xrs{ji^)) 

= (id+v;,5 + iy,,^)(0 

where 14,^ := [Jq djvl.{t^)dt]ij, W^^^ := [Jq djwl.^^{t^)dt]ij, and := o g o M'^, w^^^ := 
°9°'^^(x £) ° ' being the multiphcation by {x)" . We get dvx = dgo 
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and dwx^^ = dg o {M^^^ o o s o ^) ds o ^. and thus, after computations we check 
that Vx^^ and W^^^ are in E^. Moreover, we have < f?/2 and < r//2, which 

proves that Px,^ := ld+Vx^£^ + Wx,^ is invertible with detP^^^g > |. As a consequence its inverse 
= (det Px,^)~^ * coi{Px^^) is also in E^. We deduce then that (M", +, dX, ip) has a S'tr-bounded 
geometry. With r{x, = —iIj{x,iIj{'iI^{x^—^),—^')), we get 

so that {drx,s)i^' = {ds^^ o w){ds o u.) where := s(-^) + v{x,i,i'), v{x,^,^) := 

^'''%~)P'^ u{x,C,C') ■= - • ^'^^^^ satisfies 

Q(pn)^ = 0((V.(x,-e))-"l^l(x)-"(l^l+i)(C)''^l''l(C')'^'+^)- 

It follows from Peetre's inequality that for any e G [0,1] and x,y € M", {x + y) > 2~'^/^|^, 
which implies that {iIj{x, = 0[{x)~'^^ {^)'^^^ . As a consequence we get the estimates 

We deduce from this that (Co-) is satisfied. □ 

We also check that the hypothesis {Hy) of section 14.51 is satisfied so that the previ- 
ous pseudo differential calculus (for A E {0,1}) is then valid on (M", +, dA, ^), and proves in 
particular the space of operators of the form 

A{v){x)= [ e^^''^^^^^a{x,e)v{'4,{x,-i))dide = [ e-^^'^'^'^-^^'^^ a{x,e)v{y)\j(^^)\{y) dy dO 

where o G 5^(M^"), is equal to the standard algebra of algebra of pseudo differential operators 
M". However, since (Co-) is satisfied, we have now at our disposal a new symbol composition 
formula given by Theorem 14. 47^ adapted to the new linearization ip. 



5.2 S'l-geometry of the Hyperbolic plane 

The (hyperboloid model of the) 2-dimensional hyperbolic space is defined as the submanifold 
H := {x = {xi,X2,xz) e : xl + x^ — x\ = —1 and X3 > 0} of the (2, l)-Minkowski space 
M^'"^ with the bilinear symmetric form {v,w)2,i = viwi + ^2^12 — v^w^. The induced metric 
on H: ds^ = {dxi)^ + {dx2)'^ — {dxs)"^ is Riemannian and it is known that EI is a symmetric 
Cartan-Hadamard manifold with constant negative sectional curvature (equal to —1). The map 
(/? : ^ H given by 

ip{x,y) := (sinhx, coshxsinhy, cosh x cosh y) 

is a diffeomorphism with inverse (/?~^(xi, X2, X3) = (argshxi, argsh(^jj^^^^^pj^-^)). As a conse- 
quence we can construct another model of the hyperbolic space, noted with domain M? and 
metric obtained by pulling back the metric on IHI onto M? . A computation shows that this metric 
is ds^ := (dx)^ + cosh^ x (dy)'^. We will note ||-|| the norm on TpR"^ ~ M? given by this metric. 
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where p is a point in E?, and ||-|| is the Euchdian norm. The geodesic equation on leads to 
the following system of ordinary differential equations: 

x" — coshx sinhx (y')^ — i 

y" + 2tanhxa;'y' = 0. (5.1) 

For each p = {x,y) £ M? and f € such that \\v\\p = 1 there exists an unique solution on M 
7p,v = {x{t),y{t)) of ()5.ip such that 7p,t,(0) = p and 7p^^(0) = v. 

At each point p = {x,y) G M?, we can define the ellipse of unit vectors centered at 
in Tpi?^ ~ M? with equation + (cosh^ x) = 1. The polar equation of this ellipse is ep{9) 
where 



^ A/l+sinh^a; sin^ 9 

Thus, any tangent vector v G TpR^ with decompostion v = \\v\\ (cos 0, sin ^) also admits the 
following polar decomposition v = \\v\\p{coSp6,smp6) where coSp9 := ep{6) cos 9 and sin^S := 
ep{9) sin 6*. Remark that ep, cosp, sin^ and ||-||p are in fact independant of the second coordinate 
y of p. We shall therefore also use the notations Cx ■= e{x,y) and similarly for cos^, sin^,. and 
ll'll^.. Note that for any vector v := \\v\\ (cos0,sin0), we have \\v\\^ = \\v\\ /ex{9). 

If p G H and v £ M^'^ are such that {p,v)2,i = and {v,v)2,i = 1, then the unique 
geodesic Op^y on H such that ap^v{0) = p and ^^^^,(0) = f is ap^„(t) = coshtp + sinht t> (see for 
instance [231 p. 195]). As a consequence, the geodesies 7p_u on the hyperbolic space can be 
obtained by pushing forward the ap^^ geodesies with the diffeomorphic isometry ip. We check 
after tedious calculations that for any given p = {x,y) G and G M, the following curve 

7p,6»(*) — argsh (coshi sinhx + sinht coshx cos^; 6*) , 

^2 argsh (™^^* coshx sinh y+sinh t (sinh a; sinhy coSa;S+coshx coshy sinxO)\ 2^ 

^'^ cosh ^ argsh(cosh4 sinhx+sinht coshi coSx 6)) 

where t G M, is the unique maximal solution of the geodesic system (|5.1|) satisfying the initial 
conditions: 7p,e(0) = p and 7^51(0) = {coSx{9),smx{9)). An explicit formula for the exponential 
map at any point can therefore be obtained, since we have expp(t>) = 7p,6i(||f H^,) where v G 
TpR"^ - { } and 6* G M such that V = \\v\\ (cos0,sin0). The main interest of this hyperbolic 
model with domain equal to M? is that it is possible to find explicitely the logarithmic map (the 
inverse of the exponential map) at any point. We find, after an elementary but long computation, 
the following inverse, for any p = (x, y) and p' = {x' , y') G M^, 

exr)"Vn'l = '-"'^"^^Mp') ( -9pip') \ o^ 

^ P ^ ' ViMpW^ Vcoshx' secha; sinh(7/' - y) J ' ^ ^ 

fp{p) := cosh(j;') cosh(y' — y) cosh(x) — sinh(a;') sinh(x) , 

9pip') '■— cosh(x') cosh(y' — y) sinh(x) — sinh(x') cosh(a;) . 

We have ||exp~^(p') ||^ = argch fp{p') which is the geodesic distance between two arbitrary points 
p,p' in the R^ hyperbolic model. The goal of this section is to prove the following result. 

Theorem 5.2. H has a Si-hounded geometry. 

We note := - oo,0] x {0} and M|, :=]0,+oo[x] - 7r,7r[. For any x G M, the 
ma-P Xx '■ I^c" ~^ '^P given by Xx{vi,V2) := (||t'||^ , arctan(?;i, ^2)) where arctan(t;i, ^2) is the 
unique element of ] — 7r,7r[ such that vi + iv2 = \\v\\ exp(i9), is a diffeomorphism with inverse 
Xx^{r,9) = (rcoSx9,rsmx9). 
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Lemma 5.3. Let x £ R and f £ C'^(M?,R) such that f o £ C°°(M|,,]R) satisfies for any 
(a,/3) G N2\{(0,0)}, and {r,d) G Rj,, 1^°'^/ o x'^?^, ^)l < Ca,/3(r-)^~" where Ca,p > 0. Then 
/gGi(R2,M). 

Proof. By Theorem EUl for any {a, (3) G N2\{(0,0)}, 9"'^^/ = Ei<|{a',;3')|<|K/3)| (^°''^'/ « 
Xx"*^) ° ^a,/3,a',/3'(Xa;) M^, where -Pa,/3,a',/3'(Xa;) IS a Hnear combination of functions of the 
form YVj^iid''^ Xx)^^ where s G {I,-"' ,« + /?}• The and P are 2-multi-indices (for 1 < j < 
s) such that \k^ > 0, Ej=i = (a',/5') and Ei=il^^l^^ = (a>/3)- By definition, Xxiv) = 
(xi(^)) = (ll'wIL. 5 arctan(wi, W2)). It is straightforward to check that for any 2-multi- 

index u, \d'^Xx{v)\ < C^{v)^^^'^^ and |5''Xx('^)l — '^c- ^ consequence, for each 

a, P, a' , j3' with I<a' + f3'<a + l3 there exists Ca,f3,a',p' > such that for any v G M^, 

Moreover, by hypothesis, there is Ca\/3' > such that for any v G M^, 1(9"'''^'/° Xx ^) ° Xx(^^)| < 
Ca\(3i{v)^~°^ . This gives / G Gi(M^,M). The extension to Gi(M^,M) is a direct consequence of 
the smoothness of / on and the fact that is dense in M^. □ 

We shah use the following proposition, which gives a formal expression of the successive 
derivatives of the inverse (and its real powers) of a smooth function. 

Proposition 5.4. Let s > be given. For any nonzero n-multi-index (n G N*) a, there exist 
a finite nonempty set Ja, nonzero real numbers {Xs,a,p)peJa ^.nd n-multi-indices f3°'P'^ (with 
p G Ja, 1 < i < \ct\) such that 

- for any p G Ja, T,i<j<\a\ /^"'^'^ = 

- for any smooth function f G C°°(M", M!}.), 

d^'j^ = 7R+7 K,a,p n / • 

peJa j=i 

Proof. The result is true for the case |a| = 1. Suppose then that the result holds for any 
n-multi-index a such that |a| = k, where A; G N* and let a' be a n-multi-index such that 
|q'| = k + 1. Let i be the smallest element of {!,••• ,n} such that a'^ > 1, and set a := 
(a'l,--- ,a-_i,a- - l,a^+i,--- ,a'J. Thus for any / G C°°(M",]R;), 9"'-^ = did'^jj. Since 
\a\ = k, there is exist a finite nonempty set Ja, nonzero real numbers {Xs,a,p)p£Ja and n-multi- 
indices /J'^'P'-' (with p G Ja, 1 < j < |a|) such that for any p G Ja, Z^i<j<|a| = a, and such 

that for any / G C7~(M",M;), = Ep6j„ nl"Ji5^"''V- As a consequence, 

with the formula di Ufli 9j = Ei=i Ufli d^'^-^^'gj, we obtain for any / G C°°(E",M!;), 

= ^( E -(i«i +«)A.«,p(n9^"'^'V)aj+ w(n5^-^'-^^"'^'V)/) . 

Thus, if we take Ja' = JaUi^a ^ N|„|), A^^^'.p := -(s + |a|)As,a,p lip = p£ Ja, \s,a',p ■= >^s,a,p 

if p = {p,q) G J„ X N|^|, p"''P'^ := if p = p G and 1 < j < \a\, := if p = p G 

and j = \a\ + l = \a'\, := (J^je^ + P'^'P'^ if p = (p,g) G x N|„| and 1 < j < \a\ and 

pa ,p,j ._ Q j£ ~_ (p^g^ £ Ja X Ni^a\ and J = |q| + 1 = |q'|, the result now holds for a'. □ 
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In the following we set the convention Jq := { 1 }, As_o,i '■= 1 ^-nd 11^=1 1' that the 
formula giving d°'j^ in the previous lemma is still valid when a = 0. When s G N*, the result 
is also valid for complex valued nowhere zero smooth functions. 

We note Hp the space of C°°(Mp, M) functions of the form (r, 6) a{6) coshr+6(0) sinhr 
where a,6 G .S(M), and Ap^j. the space of functions / G C°°(Mp,M) such that for any 2-multi- 
index {a, (3) with a < fc G N, there is Ca,f} > such that for any {r,e) G Mp, \d''''^ f{r,9)\ < 
Ca,f3{f)^~°'j and also such that for any 2-multi-index (a,/5) with a > k + 1, there is C'^ ^ > 
such that for any {r,e) G Rj,, |5"'^/(r,0)| < C^^^^e'^^ Clearly, ^p^^ C 5p,fc where 5p,fc'is the 
space of functions / G C°°(Mp,M) such that for any 2-multi-index {a, (3), there is Ca,p > such 
that for any {r,e) G M|, |a"'^/(r,0)| < Ca,/3(r)'=~". By Leibniz rule, Sp^kSp^k' C S'p^fc+fc/. We 
note Np the space of functions / G C°°(Mp,M) such that for any 2-multi-index (a,/3) there is 
Ca,f3 > such that for any {r,6) G Mp, \d"''^ f {r, 6)\ < Ca^/je"^''. If tq > we define the spaces 
Hp^ro, ^p,fc,ro! Sp^k,ro ^nd A^'p^ro exactly as before, except that we now replace the domain Mp 
by ^p,ro :=]r-o,+oo[x] -7r,7r[. 

Lemma 5.5. Let f^g,h,w G -ffp,ro where rg > 0, smc/i t/iat there is e > 0, C > 1 sitc/i t/iai for 
any {r,e) G M^,,.^, f>C,f>ee'' and h'^ + g'^ > ee^''. 

(i) The functions -^j^j^^rjsJJ , (f 2 ^1)3/2 and any function of the form {r,6) ^ ((^2+g2)(:i+fe^+g^))3/2 ' 
where bk G 13{R), are in Np^^o- 



(a) The functions argch y'l + hP^+g^ and argch / are in Ap^i^^o- 

— and 



(Hi) The functions ^ ^ and are in ^p,o,ro 



Proof, (i) We give a proof for ^^2^^2)3/2 • The other cases are similar. By Proposition 15.41 and 
Leibniz rule, we have for any 2-multi-index v, 

(h2 +^2)3/2 = X] (^"O (ft2+g2)3/^+|.'| Yl "^3/2,,.' ,p ''''' (/l^ + 5^ ) . 

PG^;^' i=l 

Note that we have for any 2-multi-index z^, d'^{h'^ + 5^) = ©(e^*") and d^w = ©(e*"). The result 
follows. 

(ii) By (i), since 9^ argch ^JlTll^^T^ is of the form (r, 61) ((fe2+g23[i+fe2+g2))3/2 where bk G 
;S(M), and 9^ argch / is of the form ^j2_!^)3/2 where w G Hp^^o^ we only need to check that for 
< a < 1, and /? G N, 9"'^ argch ^l + PT^^ = 0{{r)^-'^) and 9"'^ argch/ = ©((r)!""). 
Since dr argch i/l + /i2 + c/2 = ^([f^^j2'')|i+''fe2+g2) ' ^'^S'^^ / = Jp-i ' ^^^^^ \/l + /i^ + c/2 = 

{deh)h+{dgg)g ^ q argch f = —^M=, the result follows from an application of Proposition 

V(fe2+g2)(i+fe2+g2) & ^ 

iiii) By (i), since dr—r^= is of the form , where wi G Hpm, and dr—7^= is of the 

V ^ ^ ^' +3 {h2+g2)i/2 f,ro-, r ^p_^ 

form ^^2^1)3/2 where ^2 G Hp^^o, we only need to check that for /? G N, 0'''^-^^=^ = 0{\) and 
d^'^ —j== = 0(1). This is a direct consequence of Proposition 15.41 □ 

Proof of Theorem \5.2l By Lemma 12.141 (Hi) and Proposition 12.121 it is sufficient to prove that 
for any p := {x,y) G M^\{0}, exp~^oexpo and expg^oexpp are in Gi(M^). A computation 
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based on ()5.2p and ()5.3p shows that on Mp, 



expp ^ o expo ^ = (argch /) ( 



expo ^ o expp ^ = (argch y/l + h? + g^) {-J^^ 



where 



f{r,9) : = cosh r cosh y cosh — smh r (sinh x cos 9 + sinh y cosh x sin 0) , 
tt;i(r, 9) := — cosh r cosh y sinh x + sinh r (cosh x cos 9 + sinh y sinh x sin 0) , 
W2{r,9) : = — cosh r sinh y sech x + sinh r sin cosh y sech x , 
h{r, 9) := cosh r sinh x + sinh r cosh x cos^^ , 

g{r,9) := cosh r cosh x sinh y + sinh r(sinhx sinh ycos^; 9 + cosh x cosh y sin^; 9) . 

All these functions belong to Hp and / > 1. Note that /(r, 0) = 1 if any only if expg Xo^i^j ^) = 
p, in which case exp~^ o expg oXo ^('"i ^) = 0) that exp~^ o expg o^g ^ is well defined as a smooth 
function on the whole Mp. The same argument holds for expg ^ o exp oXx^- check that 



i(coshxcoshy - ycosh^xcosh^y - l)e^ < f{r,9) < coshr e^'^g=l^(=°'^h^™'^*^?') 

so that by defining tq := log2/e where < e < min{ 1, ^ (cosh x cosh y — \/ cosh^ x cosh^ y — 1) } 
we have for any {r,9) £ ^Pro' /(^'^) — — ^- Note also that for any v £ M^, we have 
argch /(xo(t')) = ||exp-^ o expo(?;)|| and 



argch 1/1 + /i2(xx(w)) +5^(Xx(?^)) = ||expo ^ o expp(w)||p . 

The first equality entails (since exp"-*^ o expg(M^) is a dense open subset of M?) that for any v in 
M?, cosh||u||p < cosh ||expQ oexpp(u)||Q e^''^'^*^('^°'^^^™'^'^^). We then obtain for any {r,9) € 
a/1 + /i^ + y2 > coshr g- ^^scH^oshx coshy) ^ particular, defining 



P' 



:= argch ( \/2exp(argch( cosh X cosh y))), 



we get for any r > Tq, the following estimate h? + > |e 2 argch(cosh z cosh y) g2r ^ j£ -^^^ apply 
Lemma [5.51 for the space Hpy^ where Tq := max{ro,rg}, we see that exp~^ o expg o^q ^ and 
expQ ^ oexpp o-)(^~^ are in Sp^i. The result then follows from Lemma 15.31 □ 

6 Conclusion 

We have seen in this paper certain hypothesis on the geometry (S^ or OAf-bounded geometry) of 
a manifold with linearization that allows a coordinate free definition of most of the topological 
vector spaces that are needed for Fourier analysis and global complete symbol calculus with 
uniform and decaying control over the x variable. Given a linearization on the manifold with 
some properties of control at infinity, we constructed symbol maps and A-quantization, explicit 
Moyal star-products on the cotangent bundle, and classes of pseudo differential operators. We 
proved a stability under composition result, and an associated symbol product asymptotic for- 
mula under a hypothesis (Cg-) of control at infinity of the linearization. The calculus presented 
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here is a generalization of the standard and SG symbol calculi over the Euclidean space and 
can be applied to the hyperbolic 2-space since, as proven in section 5.2, it has a S'l-bounded 
geometry. L^-continuity of pseudodifferential operators of order (0, 0) has been established in 
section [^31 under the hypothesis {Hy). We do not know however if this result still holds without 
this hypothesis. 

The full analysis of the obtained Moyal product on S{T*AI) and spectral properties of 
pseudodifferential operators in ^i^f^ remain to be studied. Extension and connection of the 
symbol calculus presented here could be made with, for instance, noncommutative geometry 
(Gayral, Gracia-Bondi'a, lochum, Schiicker and Varilly [18]), the magnetic Moyal calculus (If- 
timie, Mantoiu and Purice [23]), spectral asymptotics (Shubin [M]), essential self-adjointness 
(Braverman, Milatovich and Shubin [S]), Fourier integral operators (Coriasco Ruzhansky 
and Sugimoto [36il37j), Wiener type calculus (Sjostrand [IHlllQ]), generalized operators (Garetto 
[17j), Gelfand-Shilov spaces (Cappiello, Gramchev and Rodino [7]), regularized traces (Paycha 
[33]), and white noise analysis for an infinite dimensional Moyal product (Leandre [26| and Dito 
and Leandre [12]). 
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